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In 1907 Poincare showed that two real hypersurfaces in C2 may not be equivalent 
under local biholomorphism [Po] in sharp contrast to the case in C 1 . This gives rise to the 
question of finding a complete set of local invariants that can distinguish a real hypersurface 
from another one. The equivalence problem in C2 was solved by E. Cartan in 1932 [Ca]. 
A solution for real hypersurfaces in C n + 1 was given in 1974 by Chern and Moser in 
[C-M]. This paper has many levels and induces a long cycle of work by other authors 
(Fefferman [Fel-3], Burns & Shnider [B-S], Vitushkin[Vil-4], Webster [Wel-4], and others). 
The paper of Chern and Moser develops both analytic and geometric methods. This 
thesis discusses in detail the construction of the Chern-Moser normal form of real 
hypersurfaces with a basic non-degeneracy assumption. This normal form essentially answers 
the classification problem posed by Poincare. That is, if two real hypersurfaces are locally 
biholomorphic, then they have the same Chern-Moser normal form up to an action by a finite 
dimensional Lie group. Conversely, if two real hypersurfaces have the same Chern-Moser 
normal form up to that group action, then they are locally biholomorphic. This construction 
of the normal form also leads to the discovery of a biholomorphically invariant family of 
curves called chains. 
This thesis further considers Fefferman's development of the geometric theory of real 
hypersurfaces. This includes the construction of a non-degenerate conformal Lorentz metric 
on 3D x S 1 through the solution of a complex Monge-Ampere equation on a strictly 
pseudoconvex domain D. Fefferman observes that chains defined by projections of light rays 
of the conformal Lorentz metric onto 3D coincide with the chains defined by Chern and 
Moser. 
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Chapter Zero Introduction 
T h i s t h e s i s p r e s e n t s a w a y of w r i t i n g the d e f i n i n g e q u a t i o n s 
of real hypersurfaces in C n + 1 which allows one to classify them. The 
i d e a of f i n d i n g l o c a l i n v a r i a n t s of real h y p e r s u r f a c e s goes b a c k t o 
P o i n c a r e . H e found in 1907 [Po] th a t t w o real h y p e r s u r f a c e s in C n + 1 
(
n
- l ) m a y n o t b e e q u i v a l e n t u n d e r l o c a l b i h o l o m o r p h i s m . T h u s he 
r a i s e d t h e q u e s t i o n of f i n d i n g a c o m p l e t e set of local i n v a r i a n t s of 
r e a l h y p e r s u r f a c e s w h i c h c a n d i s t i n g u i s h o n e r e a l h y p e r s u r f a c e from 
a n o t h e r o n e . 
E • C a r t a n gave a c o m p l e t e answer to the eq u i v a l e n c e p r o b l e m for 
r e a l h y p e r s u r f a c e s in C 2 . M u c h w o r k w a s later d o n e b y T a n a k a on the 
h i g h e r d i m e n s i o n a l e q u i v a l e n c e p r o b l e m [Tal], f T a 2 ] . In 1 9 7 4 , C h e r n 
a n d M o s e r in [C-M] gave b o t h analytic and g e o m e t r i c solutions t o t h e 
problem. Their paper also induces an interesting cycle of work by 
other authors (Fefferman [Fel-3], Burns & Shnider [B-S], Vitushkin 
[ V i l - 3 ] , W e b s t e r [Wel-3], e t c . ) . 
We shall present in detail the Chern-Moser normal form. 
Actually what we need to do is to re-write the defining equation of a 
real hypersurface with a basic non-degeneracy assumption. The 
criterion for this procedure is to approximate the real hypersurface 
as closely as possible to the real hyperquadric. This is done by 
fiirst considering formal power series and then proving the 
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c o n v e r g e n c e . T h e r e s u l t i n g n o r m a l f o r m p r o v i d e s a c o m p l e t e set of 
l o c a l i n v a r i a n t s in t h e f o l l o w i n g s e n s e : If t w o r e a l h y p e r s u r f a c e s 
a r e l o c a l l y b i h o l o m o r p h i c , t h e n t h e y w i l l h a v e t h e s a m e C h e r n - M o s e r 
n o r m a l f o r m u p t o an a c t i o n b y a f i n i t e d i m e n s i o n a l L i e g r o u p H . 
C o n v e r s e l y if t w o r e a l h y p e r s u r f aces have the same C h e r n - M o s e r n o r m a l 
f o r m u p t o t h a t g r o u p a c t i o n , t h e n t h e y are l o c a l l y b i h o l o m o r p h i c . 
T h i s is a n a l o g o u s t o t h e c a s e of R i e m a n n i a n g e o m e t r y w i t h C h e r n - M o s e r 
f o r m p l a y i n g t h e r o l e of n o r m a l c o o r d i n a t e s a n d H p l a y i n g t h e r o l e 
o f t h e o r t h o g o n a l g r o u p . In t h e c o u r s e of t h e c o n s t r u c t i o n of t h e 
C h e r n - M o s e r f o r m , w e a r e l e d t o t h e i n t r o d u c t i o n of a 
b i h o l o m o r p h i c a l l y i n v a r i a n t family of curves c a l l e d c h a i n s . 
T h e l a t t e r h a l f of t h e t h e s i s w i l l s t u d y b r i e f l y F e f f e r m a n ' s 
d e v e l o p m e n t of t h e g e o m e t r i c t h e o r y of r e a l h y p e r s u r f a c e s . W e shall 
m e n t i o n h o w F e f f e r m a n c o n s t r u c t s a n o n - d e g e n e r a t e c o n f o r m a l L o r e n t z 
m e t r i c o n t h e p r o d u c t dD x S
1
 v i a t h e s o l u t i o n of a c o m p l e x M o n g e -
J^mpere e q u a t i o n on a s t r i c t l y p s e u d o c o n v e x d o m a i n D . F e f f e r m a n also 
o b s e r v e s t h a t p r o j e c t i o n s of l i g h t rays of t h e c o n f o r m a l L o r e n t z 
m e t r i c o n t o dD g i v e s the same chains as d e f i n e d b y C h e r n and M o s e r . 
F i n a l l y , w e s h a l l d i s c u s s F e f f e r m a n ' s parabolic invariant t h e o r y . 
T h i s t h e s i s is a r r a n g e d as follows: 
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C h a p t e r O n e T h e R e a l H y p e r q u a d r i c s 
R e a l h y p e r q u a d r i c s w i l l b e u s e d as a p r o t o t y p e f o r the 
c o n s t r u c t i o n of t h e C h e r n - M o s e r n o r m a l f o r m . T h i s c h a p t e r is 
t h e r e f o r e d e v o t e d t o a b r i e f s t u d y of t h e g e o m e t r y of r e a l 
h y p e r q u a d r i c s i n c l u d i n g the d e s c r i p t i o n of its group of m o t i o n s H . 
C h a p t e r T w o F o r m a l T h e o r y of the C h e r n - M o s e r N o r m a l F o r m 
In t h i s c h a p t e r , w e shall c o n s t r u c t the C h e r n - M o s e r n o r m a l form 
i n t h e f o r m a l sense p u t t i n g aside all the c o n v e r g e n c e p r o b l e m s . with 
a b a s i c n o n - d e g e n e r a c y a s s u m p t i o n , w e f i r s t d e c o m p o s e a f o r m a l 
t r a n s f o r m a t i o n p r e s e r v i n g t h e f o r m of t h e r e a l h y p e r s u r f a c e b y 
'weight' and t h e n b y ' t y p e ' . The p r o b l e m of e x i s t e n c e and u n i q u e n e s s 
of s u c h a f o r m a l t r a n s f o r m a t i o n w i l l t h e n t u r n o u t to be t h e p r o b l e m 
of s o l v i n g a s y s t e m of o r d i n a r y d i f f e r e n t i a l e q u a t i o n s . B y t h e 
e x i s t e n c e a n d u n i q u e n e s s t h e o r e m of O D E ' s , w e c a n solve the p r o b l e m 
w i t h s o m e n o r m a l i z a t i o n c o n d i t i o n s w h i c h s e r v e as t h e initial 
c o n d i t i o n s for t h e s y s t e m of O D E ' s . 
C h a p t e r T h r e e G e o m e t r i c T h e o r y of the C h e r n - M o s e r N o r m a l Form 
W e d e a l w i t h t h e c o n v e r g e n c e p r o b l e m s in this c h a p t e r . T h i s 
p r o c e s s l e a d s t o t h e i n t r o d u c t i o n of a b i h o l o m o r p h i c a l l y i n v a r i a n t 
f a m i l y of c u r v e s c a l l e d chains on the real h y p e r s u r f a c e . W e o b s e r v e 
a l s o t h a t t h e n o r m a l i z a t i o n of the e q u a t i o n of a r e a l h y p e r s u r f a c e 
r e d u c e s t h e i n f i n i t e d i m e n s i o n a l e q u i v a l e n c e p r o b l e m t o a f i n i t e 
d i m e n s i o n a l o n e . 
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C h a p t e r F o u r F e f f e r m a n ' s D e v e l o p m e n t of the G e o m e t r i c T h e o r y 
F e f f e r m a n d e v e l o p s t h e g e o m e t r i c t h e o r y f o r t h e r e a l 
h y p e r s u r f a c e f r o m a n o t h e r p o i n t of v i e w . W e f o l l o w h i s c o n s t r u c t i o n 
o f a n o n - d e g e n e r a t e c o n f o r m a l L o r e n t z m e t r i c o n <9D x S
1
 v i a 
a p p r o x i m a t e s o l u t i o n s t o a c o m p l e x M o n g e - A m p e r e e q u a t i o n o n a 
s t r i c t l y p s e u d o c o n v e x d o m a i n D . W e t h e n c o n s i d e r p r o j e c t i o n s of 
l i g h t r a y s d e f i n e d b y t h e c o n f o r m a l L o r e n t z m e t r i c . F i n a l l y w e state 
t h e i n v a r i a n t p r o b l e m s o n h y p e r s u r f a c e s p o s e d b y F e f f e r m a n and his 
s o l u t i o n of t h e p r o b l e m . 
O w i n g t o t h e c o m p l e x i t y o f t h e s u b j e c t , i t s e e m s t h a t m u c h 
r e m a i n s t o b e d i s c o v e r e d i n t h e p s e u d o c o n f o r m a l g e o m e t r y of the 
C h e r n - M o s e r n o r m a l f o r m . T h i s t h e s i s a i m s at p r o v i d i n g a c l e a r 
p r e s e n t a t i o n of t h e b a s i s of t h e g e o m e t r y a n d i n d i c a t i n g the i d e a s 
t h a t w i l l b e e s s e n t i a l for further d e v e l o p m e n t . 
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Chapter One The Real Hyperquadrics 
I n t h i s t h e s i s , w e s h a l l s t u d y n o n - d e g e n e r a t e r e a l 
h y p e r s u r f a c e s of r e a l c o d i m e n s i o n one in C
n + 1
. A m o n g a l l s u c h 
h y p e r s u r f a c e s , t h e s i m p l e s t and t h e m o s t i m p o r t a n t are t h e real 
h y p e r q u a d r i c s w h i c h form a p r o t o t y p e of general n o n - d e g e n e r a t e real 
h y p e r s u r f a c e s . This chapter is therefore d e v o t e d to the geometry of 
h y p e r q u a d r i c s . 
Definition 1.1 




 = w = u + i v for 1 ^ a 5 n b e the coordinates in 








w h e r e (i) z m e a n s z , 
(土土、 h — = h — — h— 
1 丄 J ap Pa pa, 
(iii) d e t ( h
a
g ) ^ 0 . 
S m a l l G r e e k i n d i c e s r u n f r o m 1 t o n , u n l e s s o t h e r w i s e 
s p e c i f i e d . In g e n e r a l , ( h ^ ) is a s s u m e d t o h a v e p p o s i t i v e 










 = — ^ 
w + i 
“ ( 1 . 2 ) 
w — i 
W = — — 
L w + 1 




 to obtain h + WW = 1 
a
P a p 
w h i c h is a h y p e r s p h e r e If ( h
a
- ) is assumed to b e p o s i t i v e d e f i n i t e . 
We describe a group which acts on the hyperquadric Q defined by 
( 1 . 1 ) . F o r t h i s , w e i n t r o d u c e homogeneous coordinates t, for 0 < i < 





 = for 1 < i < n + 1 . 
Th u s (1.1) b e c o m e s 
+1 (cV + i - = o (i.3) 
T h i s is t h e e q u a t i o n f o r t h e c l o s u r e of Q in h o m o g e n e o u s 
c o o r d i n a t e s . 
Definition 1.2 
F o r a ny t w o ve c t o r s 
o n + 1 I 丨 o o•丨 n+1、 
Z =。， . . .
 r
C ) and Z = 化 ’ … ’ 二 ), 
d e f i n e 
< Z,Z > = h c + J ； ) (丄 
This product has the following properties: 
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(1) < Z,Z > is l i n e a r in Z and a n t i - l i n e a r in z ' . 
(2) < , > is h e r m i t i a n ; i . e . < Z Z ， > = < Z ' , Z > . 
(3) Q is d e f i n e d b y < Z
f
 Z > = 0 . 
D e n o t e b y S U ( p + l , q + l ) t h e g r o u p o f a l l b i l i n e a r 
t r a n s f o r m a t i o n s w h i c h p r e s e r v e < z , z > . Since < z , z > = z M z* w h e r e 
r i -i 






 f and z d e n o t e s t h e c o n j u g a t e t r a n s p o s e of z, 
丨 f" 0 0 - ^ _ 
S U ( p + l , q + l ) w i l l b e c o n s i d e r e d as the g r o u p of m a t r i c e s A such t h a t 
A M A* « M and det A = 1. 
Remark: 
B y t h e t r a n s f o r m a t i o n (1.2) , S U ( p + l , q + 1 ) c a n b e r e l a t e d b a c k 
t o t h e u s u a l s p e c i a l u n i t a r y g r o u p on p r e s e r v i n g t h e b i l i n e a r 
f o r m : 
d
5
* + . . . + - - … _ 
Definition 1.3 
A n o r d e r e d set of n+2 v e c t o r s Z , Z Z in C
n + 1
 is c a l l e d 
… o 1 n+1 
a Q-frame if 
( i ) < Z
a
, Z p > = h
a
- for 1 s n , 








> = - Jr










T h e r e is e x a c t l y one t r a n s f o r m a t i o n of S U ( p + l , q + l ) w h i c h m a p s 
a g i v e n Q - f r a m e i n t o a n o t h e r . B y taki n g one Q-fr a m e as re f e r e n c e , w e 
c a n i d e n t i f y t h e g r o u p o f S U ( p + l , q + l ) w i t h t h e s p a c e of a l l Q ^ 
f r a m e s . In f a c t l e t Z
a
 a n d Z* b e t w o Q - f r a m e s and let Z* • a£z
f t
. 
u a u p 
U n d e r t h e m a p w h i c h sends  za to Z*, 
— = ^ Z p = . ^ Z p . 
H e r e , —
 =
 4 (1.5) 
L e t H b e t h e i s o t r o p y s u b g r o u p of S U ( p + l , q + l ) l e a v i n g 
Z
Q
= ( 1 , 0 , .. .,0) of Q i n v a r i a n t . 
W e a r e going t o compute w h a t matrices H consists o f . N o w , 
H = { A G GL(n+2,C) : A M A* = M , A fixes Z
Q
 and det A = 1 }. 
A s s u m e (1,0,0, • " ,〇） A = (t, 0, 0, .. •, 0) for some t E C \ {0}. 
“ t 0 0 • 
A will then take the following form in general: A =
 r
a "^ a ^a 







 y G C for 1 ^ ot'p < n. 
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W e s h a l l d i r e c t l y d e r i v e t h e e x p l i c i t c o n d i t i o n s o n t h e s e 
c o n s t a n t s . 
(A) B y d i r e c t m a t r i x m u l t i p l i c a t i o n , one has 
0 一扭 i S ‘ 
2 一 2 





 ± t a Y
P ilia 7
 P
 i M 
2 p «
 P





L 2 P pa 2 2 2
 T T
 V 2 _ 
i- i "ti 
0 0 -去 
s 2 
T h u s b y c o m p a r i n g t h e s e e n t r i e s w i t h t h o s e of 0 h 言 0 , 
ap 
7 o o 
—‘“ _ 
o n e g e t s 
i y t 
(a)
 a
 = 0 for 1 < a < n . 
S o y = 0 for 1 ^ a ^ n as t ^ 0 . 
a 
(b) = - j , h e n c e y = ( t ) " \ 










 = h ^ for 1 5 < n . v 7





h - = h v ' ' p a pa ap 
(d) + ^ t P h - - = 0 for 1 < a ^ n . v
 ' 2
 a
 pa 2 
S i n c e y
a
= 0 and y = t—丄，t
a
 = 一 
( e ) 宇 + A P h - - 宇 = 0 . v
 ' 2 per 2 
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hp a
x C T x P +
 T t -
1
) = 0 or - h ^ x P = I m t x t "
1
) . 
(B) d e t A = 1 g i v e s t t "
1
 det(t^) = 1 . 
T o s u m u p , H is t h e group of the m a t r i c e s of the form: 
“ t 0 0 • 
、 硓 0 
t t^ y _ 
s u c h t h a t 
(i) t
a
 = — - for 1 < a < n , 
a pa ' 
(ii) t t "
1
 det(tP) - 1, 




 for 1 < n , (1.6) 
‘ 1 
(iv) h - T
a
x P + -(Tt" - x t
_ 1







per 2 pa 、 … ' 
B y c o u n t i n g t h e n u m b e r of free p a r a m e t e r s in (1.6), one n o t e s 
t h a t d i m H = n
2
 + 2n + 2 = (n+1)
2
 + 1. 
( 1 . 5 ) a n d ( 1 . 6 ) g i v e t h e c o r r e s p o n d i n g c o o r d i n a t e 
t r a n s f o r m a t i o n in h o m o g e n e o u s coordinatess 
r � = tc° + t a C a + 






If w e w r i t e in t e r m s of t h e n o n - h o m o g e n e o u s c o o r d i n a t e s , (1.7) 
y i e l d s 
^ *
0 一 + t ^ + 
=
 t^z" + T^W 






T W ) 
a n d 












T W ) 
T h u s , w e c a n ob t a i n 
= (t^Z
01
 + T ^ t ' V
1 
(1.8) 






 - i 
w h e r e o = 1 + t t
a
z + t tw 




V and p = |t|"
2
, 
(1.8) b e c o m e s 








w = p w o . 
By ( 1 . 6 ) , we can find that coefficients in (1.9) satisfy 
certain conditions. 
^ t ^ h -\ n o^t ft , a6 
Consider c\ 呼 = ^ h ^ = 
t 




S u b s t i t u t i n g 遽 = t ^ into a« = one obtains 





 = - 2 i t ^ h
p
- = - 2 i h
a
- a^ (by (iii) of (1.6)). 
F u r t h e r f r o m (1.6), 
^ ( x t
- 1





p (t C^ ( t C^ aP ) 
= - a ° a P (by (1.10)) 
= - h - a a a ^ 
ap 





 = -2ih - a ^ (1.11) 
I m f T t
- 1
) = - h - a
a
a頁 � ' ap 
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Chapter Two Formal Theory of the Chern-Moser Normal 
Form 










 ) = 0 is a 
h y p e r surf a c e M in C
n + 1
 w h e r e r is r e a l a n a l y t i c . In t h i s c h a p t e r , w e 
s h a l l t r y t o r e d u c e M t o i t s ' s i m p l e s t ‘ for m - s o - c a l l e d its n o r m a l 
f o r m a t a p o i n t of r e f e r e n c e . W e s h a l l t a c k l e t h e p r o b l e m first b y 
f o r m a l p o w e r s e r i e s a r g u m e n t . T h e c o n v e r g e n c e q u e s t i o n s i n v o l v e d 
w i l l b e d i s c u s s e d in C h a p t e r T h r e e . In t h e p r o c e s s , w e shall m a k e a 
b a s i c n o n - d e g e n e r a c y a s s u m p t i o n on M . 
B y a s u i t a b l e t r a n s l a t i o n , w e c a n a l w a y s a s s u m e t h e p o i n t of 
r e f e r e n c e t o b e t h e o r i g i n . T o e a s e t h e c o m p u t a t i o n i n v o l v e d , w e 
s i n g l e o u t t h e last v a r i a b l e : 
rz
n + 1
 = W = U + iv 
< 
z
n + l = u - i v 
T h a t i s , w e r e p r e s e n t a p o i n t in C
n + 1
 as (z,w). 
W e f i r s t a s s u m e t h a t n o t all the first derivatives of r v a n i s h . 
13 
Chapter Two Formal Theory of the Chern-Moser Normal 
Form 




, • • . , z
n + 1
, ^ … ， ^ T T ) =
 0
 is a 
h y p e r s u r f a c e M i n C
n + 1
 w h e r e r is r e a l a n a l y t i c . In t h i s c h a p t e r , w e 
s h a l l t r y t o r e d u c e M t o i t s ' s i m p l e s t ' f o r m - s o - c a l l e d i t s n o r m a l 
f o r m a t a p o i n t of r e f e r e n c e . W e s h a l l t a c k l e t h e p r o b l e m f i r s t b y 
f o r m a l p o w e r s e r i e s a r g u m e n t . T h e c o n v e r g e n c e q u e s t i o n s i n v o l v e d 
w i l l b e d i s c u s s e d i n C h a p t e r T h r e e . In t h e p r o c e s s , w e s h a l l m a k e a 
b a s i c n o n - d e g e n e r a c y a s s u m p t i o n o n M . 
B y a s u i t a b l e t r a n s l a t i o n , w e c a n a l w a y s a s s u m e t h e p o i n t of 
r e f e r e n c e t o b e t h e o r i g i n . T o e a s e t h e c o m p u t a t i o n i n v o l v e d , w e 
s i n g l e o u t t h e l a s t v a r i a b l e : 
- z
n + 1
 = w - u + i v 
‘ z
n + 1
 = u - i v 
T h a t i s , w e r e p r e s e n t a p o i n t i n C
n + 1
 as ( z , w ) . 
W e f i r s t a s s u m e t h a t n o t a l l t h e f i r s t d e r i v a t i v e s of r v a n i s h . 
T h u s , b y a s u i t a b l e r o t a t i o n , w e c a n a s s u m e 
r
 a
 = 0 f o r 1 < a ^ n , 
z 
r ^ 0 
w 
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B y t h e i m p l i c i t f u n c t i o n t h e o r e m , w e can t h e n s o l v e for v t o 
o b t a i n 
v = F(z,z,u) (2.1) 
w h e r e F is a r e a l a n a l y t i c f u n c t i o n in the (2n+l) v a r i a b l e s
 Z /
Z , u 
v a n i s h i n g a t t h e o r i g i n and all its first d e r i v a t i v e s v a n i s h a t the 
o r i g i n . 
W e s u b j e c t t h i s h y p e r s u r f a c e ( 2 . 1 ) t o a h o l o m o r p h i c 
t r a n s f o r m a t i o n : 
fz* = f(z,w) 
1 * (2.2) 
[w = g(z,w) 
w h e r e f i s a v e c t o r - v a l u e d f u n c t i o n a n d g is a c o m p l e x - v a l u e d 
f u n c t i o n . 
O u r b a s i c assumptions on f and g are 
(i) f a n d g v a n i s h at the origin t o prese r v e the point of 
r e f e r e n c e , and 
(ii) f and g should p r e s e r v e the complex tangent space of (2.1) at 
th e o r i g i n (i.e. w = 0 ) . 
Thus we require 
f = q = 0, I
2
 =0 at (z,w) = (0,0) (2.3) 
^ dz 
L e t M* b e t h e i m a g e of M u n d e r s u c h a h o l o m o r p h i c 
t r a n s f o r m a t i o n of M . Then M* takes the following form: 
v* = F*(z* W ) 
14 
W e n o w a i m at choosing an appropriate form of (2.2) to simplify 
t h e r e p r e s e n t a t i o n of M * . 











 and u . The fact that F is real-valued gives rise 
t o F ( z , z , u ) = F ( z , z , u ) . Since v = F(z,z,u) contains t h e origin and 
a l l t h e f i r s t d e r i v a t i v e s of F v a n i s h , F c o n t a i n s n o c o n s t a n t o r 
l i n e a r t e r m s . 
L e t J b e t h e l i n e a r s p a c e of f o r m a l p o w e r s e r i e s w i t h n o 
c o n s t a n t o r l i n e a r t e r m s , a n d g b e t h e g r o u p of formal 
t r a n s f o r m a t i o n s h = (f,g) wi t h conditions (2.3) (i.e. f and g have no 
c o n s t a n t t e r m and g has no linear terms in z) under c o m p o s i t i o n . 
00 






u) for a n y t > 0 . T h u s w e a s s i g n u t h e 
1
w e i g h t ' 2 and z,z the 'weight' 1. 
F i r s t of a l l , w e simplify F
2
. Observe that F
2
 does n ot contain 
u as t h e r e is no linear terms in u . 
W r i t e F
2
 - Q(z) + Q(z) + H(z,z) where Q(z) is a quadratic form 
in z t o account for the squared terms ZjZ
j f
 and H (z, z) is a hermitian 
f o r m in z t o account for the crossed terms z
±
 Zj • 





* "I _ r
 z
* 1 _ \
 Z
 ‘ 
w — w* u*+iv* j [w-2iQ(z) J' 
. J
 L J 
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T h e n v = l m ( w ) 
= I m ( w * + 2 i Q ( z ) ) 
= v * + 2 R e Q ( z * ) • 
O n t h e o t h e r h a n d , 
00 
v = F
2 + 2 EV(Z,玄,u) 
V=3 
00 









= Q ( Z * ) + Q( z*> + H ( z * , z * ) + 
V=3 
as u = u* + 2 l m Q ( z * ) 
00 




 z * , u * ) . 
V=3 
H ( 2 , z ) is c a l l e d t h e L e v i f o r m of t h e h y p e r s u r f a c e a n d w i l l b e 
d e n o t e d b y < z,z > . W e m a k e t h e b a s i c a s s u m p t i o n t h a t t h e L e v i f o r m 
i s n o n - d e g e n e r a t e . 
Therefore, we can now assume that M takes the following form: 
00 
v = < z,z > + F w h e r e F = 乏 F矽 （ 2 . 4 ) 
T o p r e s e r v e ( 2 . 4 ) , w e n e e d an a d d i t i o n a l r e s t r i c t i o n t o t h e 
transformation (2.2): ^ ^ = 0 at the o r i g i n . 
W e a r e r e a d y t o l o o k f o r an e l e m e n t i n Q t o s i m p l i f y (2.4) t o 
c e r t a i n ； n o r m a l ' f o r m . 
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T a k e a n e l e m e n t h = (f,g) G g and w r i t e i t as 
r 00 
Z* = f(Z,W) = Z + ^ f“Z,W) 
V=2 
< (2.5) 00 
W* = g(z,w ) = w + V g“z,w) 
c V=3 
w h e r e f ^ ( t z , t
2
w ) = t^f„(z,w) and g„ ( t z , t
2
w ) = t ^ ( z , w ) for any t > 0 . 





I n s e r t i n g (2.5) in t o v* = < z*
f
z* > + F* gives 
00 00 00 
v
* = < Z + ^ M z , W ) , z + ^ fc(z,w) > + ^ Fj 
V=2 V=2 
00 00 0 0 
« < z,z > + ^ 2Re<f。,z> + ^, t
v
> + ^ F ^ 
V=2 ^=2 ^=3 
O n t h e o t h e r h a n d , 
oo 
v* « Im w* = Im (w + ^ ) 
P=3 
00 
= v + ^ Im 
V=3 
00 00 
= < z , z > + ^ F ^ + ^ Im g^ ； 
V=3 V=3 
00 00 00 00
 0 0 
S o V + ^
 I m
 彻 ； ^ 2Re<f„, z> + ^ <f(, , tv> + ^ 
^ = 3 矽 = 3 V-2 V=2 汐=
3 
Collecting terms of wieght we get 
Fj, + im g^ = 2 Re<f^_
1
,z> + F* + 
where the arguments are in z, w = u + i<z,z> and ' ... ' represents 
terms depending on Y
v
 for v < 
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T h i s r e l a t i o n s u g g e s t s t h a t w e c o n s i d e r t h e f o l l o w i n g l i n e a r 
o p e r a t o r： 
L � h = ( f ' g ) —
 L h =
 R e ( 2 < z , f >
+
i g )
w = u +
.
< Z / Z > 
T h e n , L h = 〜 - F : + ••• for h = ( f
M
, g^) (2.6) 
W e
 n o t e t h a t L m a p s ( f ^ , g^) i n t o t e r m s of w i e g h t [x. 
00 
L e t B b e t h e s p a c e of a l l h = (f,g) s u c h t h a t f t
v




I n o r d e r t o s o l v e for h in (2.6 ) , w e d e c o m p o s e F as F = L © © r\ 
f o r s o m e s u b s p a c e T| of J . 
O b v i o u s l y , if F ^ G T|, t h e n L h E L B ; i . e . h c a n b e s o l v e d . 
We now use induction on [X to show that h can be solved by-
r e q u i r i n g F* G T|： 
(1) F o r \i= 3 , w e h a v e L h = F
3
( z , z , u ) _ F ^ z, z,u) 
T h e n t a k i n g F3 = p r o j e c t i o n of F
3
 i n t o ”，we c a n sol v e for h . 
00 
(2) I t s u f f i c e s t o s h o w t h a t if v = < z , z > + ^
 F
v w i t h F
v
 ^ r\ for 
V=3 
钌 = 3 , 4 , … ， K , then there exists a map of the form: 
' z * = z + f
K
( z , w ) 
. (2.7) 
w* = w + g
K + 1
( z , w ) 
00 
s u c h t h a t V* 二 < > + 2 ^
 W i t h G
 ” . 
V=3 
18 
S u b j e c t t o (2.7), w e o b s e r v e t h a t F* = for z； < K . 
S o for t h e t e r m s in w e i g h t K in (2.6)
f




i ( z , z , u ) - F
K
: i ( z
r









 = p r o j e c t i o n of F
K + 1
 i n t o r\
f
 w e can solve for h . 
Remarks: 
1 . W e c a l l a n y h y p e r s u r f a c e M w i t h F* e r] t o b e i n its n o r m a l 
f o r m . 
2 . H o w e v e r a n y c o m p l e m e n t T] can give a n o r m a l form of M . 
3 . T h u s o u r a i m t u r n s o u t t o b e the c h o i c e of a d e c o m p o s i t i o n of 
t h e s p a c e J w i t h L O . W e s h o u l d c h o o s e a c o m p l e m e n t T| of L © such 
t h a t t h e n o r m a l f o r m s a r e t h e
 1
 s i m p l e s t ' , I d e a l l y M s h o u l d b e 
a p p r o x i m a t e d t o h i g h d e g r e e b y t h e h y p e r q u a d r i c v = < z , z > l o c a l l y ; 
i . e . e v e r y e l e m e n t N g T] s h o u l d v a n i s h t o h i g h e s t p o s s i b l e o r d e r at 
t h e o r i g i n . 
4 . I t is a l s o i m p o r t a n t to see how m u c h freedom w e have in solving 
f o r h . T h i s p r o b l e m of u n i q u e s s n e s s of h depends on the k e r n e l of L . 
S o w e h a v e t o r e s t r i c t t h e d o m a i n of L ( n o r m a l i z a t i o n ) to o b t a i n a 
u n i q u e h . H e r e u n i q u e n e s s o f h m e a n s u n i q u e s s n e s s u p t o 
b i h o l o m o r p h i c m a p p i n g s p r e s e r v i n g v = <z,z> and the o r i g i n . W e have 
s h o w n i n C h a p t e r One t h a t all these m a p p i n g s form the isotropic group 
H of d i m e n s i o n (n+1)
2
 + 1 • 
W e s h a l l d e r i v e the n o r m a l i z a t i o n conditions in the s e q u e l . 
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Proposition 2.1 
A f o r m a l t r a n s f o r m a t i o n p r e s e r v e s t h e f a m i l y of f o r m a l 
00 
h y p e r s u r f a c e s : v = < z , z > + ^ and t h e o r i g i n if and o n l y if it 
V=3 
h a s t h e f o l l o w i n g form: 
「 z* = C z + {weight > 2 } 
1 (2.8) 
L w* - pw + {weight > 3 } 
w h e r e < C z , C z > 结 p<z,z> for some p G R. 
Proof: 
A s s u m i n g t h e tr a n s f o r m a t i o n t a k e s t h e form (2.8), w e are goi n g 
t o s h o w t h a t t h e fo r m of M is p r e s e r v e d . R e v e r s i n g t h e a r g u m e n t , w e 
c a n g e t t h e r e s u l t . 
A s s u m e , a f t e r t h e t r a n s f o r m a t i o n , w e have 
00 
V 一 
* * * ^ , / m* / * * * � 
V = < Z , Z > + ^J Y
v
 (z , z ,u ) • 
V=3 
Substituting (2.8) into the above, we have 
00 00 00 
- V (W* - = < Cz + Y F ^ , Cz + ^ F^ > + ^ F^ 
V=3 V=3 V=3 
00 
w h e r e ^ fJ c o n t a i n s terms in z, z, and u of w e i g h t > 3 . 
Zf=3 
T h u s
, J _
 ( p w
 _ pw + w e i g h t > 3) = < Cz,Cz > + (weight s 3 ) . 
So v = < z , z > + {weight ^ 3 } . • 
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Proposition 2.2 
L e t g1 b e t h e group of all formal t r a n s f o r m a t i o n p r e s e r v i n g the 
00 
f a m i l y of f o r m a l h y p e r s u r f a c e s : v = <z,z> + V F^, and the o r i g i n . 
A n y <j) e c a n b e factored u n i q u e l y as <j> = 化 o <j>
0
 w i t h (j>
o
 G H 
a n d 冲 a f o r m a l t r a n s f o r m a t i o n of t h e f o r m (2.5) w i t h f
2








R e = 0 at w = 0 . 
Proof: 
F r o m (1.9), w r i t e 小
0
 as follows： 
Cz + C a w 
z* = —^―^―^―——^―^―—— 
- 1 a - 1 
t ( 1 + t t
a
Z + t TW) 








T w > + " • ]} 
= C z + C a w + .... 





(1 + t t
a
Z + t TW) 
-1
 a
 -1 , 
= pw - pt t
a
W Z + pt + 
O n t h e o t h e r h a n d , <J) is given by 
z* = Cz + m w + • 
w




W e are t h e n m a t c h i n g the coefficients of 伞 and 伞。such that i|) 
:<t>〇 o ^ is e q u a l t o t h e i d e n t i t y m a p up to as hi g h w e i g h t as 
p o s s i b l e . W e get C = Cand p = p . 
B y c h o o s i n g a suit a b l e a such that Ca 读 m , w e get f
2
( 0 , w ) = 0 
力2 
a t w = 0 . S i m i l a r l y , w e c a n h a v e Re( ) = 0 at t h e o r i g i n b y 
_ 1 
c h o o s i n g R e ( t " x) such t h a t = r . It is n o t e d b y (1.10) t h a t 
- l 
I m ( t x) has b e e n fixed once a is c h o s e n . 口 
T o s u m m a r i z e , w e s h a l l i m p o s e t h e f o l l o w i n g n o r m a l i z a t i o n 





a i ^ : 0 ' ^ = l A = R e ( J = ° ( 2 . 9 ) 
a t t h e o r i g i n . 
F r o m n o w o n , w e s h a l l r e s t r i c t o u r c o n s i d e r a t i o n t o 
t r a n s f o r m a t i o n (2.5) w i t h conditions (2.9). 
With this restriction, we introduce the following notations: 
(1) ©
0
 = all the power series (f,g) with normalization (2.9), and 
(2) L 0 = L | @ o •• & � — 






(1) w r i t e F = y F
k l
 w h e r e F
k l
(Xz,fxz,u) = ^ ^ ( z ^ ^ u ) for all 
krT=o 




(2) W r i t e t h e L e v i f o r m < z,z > = /
J
 h - z
a
z ^ w h e r e h~T= h - . 
ap a 8 6a � 
D e f i n e h ^ b y h ^ h - = = I ' ^ " ^
 Y 
一
 y P Y
 1 0 if oc ” 
V _ -







l ‘ ‘ • • • Pi ••• “ ‘ 
d e f i n e t h e t r a c e Tr ( F
k l
) 
y a ^ _ _ . 




i* • '"k-lPl *
 # ,|3
1-1 
w h e r e b « = / j h ^ ^
1
 a „ T ~ T ~ 
ak,Pl 
W e n o w d e c o m p o s e f 费 无 ㊉ T] w h e r e 
(i) 无 c o n s i s t s of series of t h e type 
R = V R
k l








< z , z >
3 
m i n ^ 1 ) - 1 
w i t h G
j m
 of t y p e (j,m), and 
(ii) T] = { N G 义 ： N k l = 0 for min(k,l)sl and t r ( N
2 2









) = 0 } . 
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w i t h t h i s d e c o m p o s i t i o n , any F E ^ can be w r i t t e n u n i q u e l y as 
F = R + N w i t h R E ^ and N G Tj. Thus w e can d e f i n e a p r o j e c t i o n 
o p e r a t o r
 P
 ： 义 — 兄 w h i c h sends F onto R wi t h K e r P = T], 












> 2 + G
0 0
< Z , Z > 3 
min(k； 1)<i 
W h e r e G l 1
 “ ^
 t r ( F
2 2 ) -














G l 0 = ( n + l ) 6 ( n + 2 )
 t r 2 ( F 3 2 ) ' G 1 0 = � ’ a n d 
G
。。= ( n + l H n + 2 )
 t r 3 ( F
3 3 ) ' 
W e s h a l l calculate G
1 ] L
 e x p l i c i t l y . 






















 = 0 
丄丄 ay apv o apY o 























a — = — L CJ ： ' + b — 
ao^75 4 
Contraction on p and 6 gives 
一





a 7 + g«7 +
 g
a 7 + 〜 
h V r i = 4 
h p 6 g f t ? h - + ( n + 2 ) g -
外 5 «Y ( 2 . 1 0 ) = 4 
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C o n t r a c t i o n o n a a n d y" g i v e s 





a 一— = n h + ( n + 2 ) h g‘ 
afiYd 4 一―* — 
2n+2 
="T~ h gP6 
n + 1 
= 丁 h g 杯 
„ m 2 / 功 、 n + 1 j i 




) = — h g ^ . 
n+1 ft ^ 




) = h i n t o ( 2 . 1 0 ) , w e o b t a i n 
^ r 2 ( F
2 2
) h + (n+l)g
a 7
2«z^" 
T r ( F
2 2
) = J 
= 5 7 f e T r 2 ( F 2 2 ) < z ' z > + ^ G n * 




 T r ( F
2 2 ) _ ( n 十 l》 2
( n +
2》





6 9 , 
S i m i l a r l y , o n e c a n h a v e G
1 0
 =
 ( n + 1 ) ( n + 2 )
 T r
 ( F 3 2 ) a n d 
6 o 
G = T r
3
 (Fo-,) • 
Goo ( n + l ) ( n + 2 ) ^




 m a p s e。 o n e - t o - o n e o n t o 兄
3
 两 P ,
3
 w h e r e d e n o t e s t h e s p a c e 
o f a l l t h o s e F E , c o n t a i n i n g t e r m s of w e i g h t n o t l e s s t h a n 3 o n l y 
a n d B
0
 i s t h e s p a c e of f o r m a l p o w e r s e r i e s s a t i s f y i n g ( 2 . 9 ) . 
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Proof： 
It suffices to show that L h = F (mod ” ） h a s a un i q u e solution 
for h G B
0
. 
E q u a t i n g terms of equal types (k,l), w e have 
(
L h
) k i =
 F
k i for m i n (k,l) < 1 




 (mod r\) for (k,l) = (2,2), (3,2) and (3,3) 
W e shall u s e the following identity t o expand f and g： 
00 
f ( z , u + i < z , z > ) = > ”！ 
w i 




= < f + f'i<z,z> + .. ., z> + j (g + g'i<z, z> + … ） + 
complex conjugates 
w h e r e t h e arguments of f , f
1
 , •••, g, g', ••• are z,u. 
On the other hand, we can expand f(z,w) and g(z,w) in powers of 
z, z; that is, 
00 00 
f = y f
k
 and g = V g
k 
w h e r e f
k




( z , w ) and g
k




( z , w ) for t > 0. 
Co l l e c t i n g terms of equal type (k,l), w e can have three groups 
o f
 equations. Note that we need only consider k ^ 1 as F is real. 
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G r o u p I (k > 2) 




 = 2 F
k 0 






z> = 2 F
k + l f l 
G r o u p II (k = 1 ) 
(1.0) : i g
x








z> + 2 < f
2




z> = 2 F
2 1 
(3,2); - j gl<z,z>
2
 + 2 i < f“z> < z , z > 一 < z , f ' ' x z , z>
2
 = 2 F
3 2 
(mod T]) 
G r o u p III (k « 0) 





(2.2): j Imgo'<z, z>
2
 - 2 InKf^ , z><z, z> = F
2 2
 (mod r\) 
(1.1): - R e g o < z , z > + 2 R e < f
1 ?















 (mod T]) 
N e x t , w e solve for e a c h group of a l g e b r a i c a n d / o r d i f f e r e n t i a l 
e q u a t i o n s as f o l l o w s : 
G r o u p
 ！ f
k + 1
( k ^ 2 ) , g
k + 1
( k ^ l ) can be u n i q u e l y d e t e r m i n e d . 
G r o u p II 
















= ~ 2 g i ' < z , z > 2 + 2i<f』,z><z,z> - <z,f;'><z,z> 2 
- i { i g I ' < z
/ Z
> + 2 < f ; , z > _ 2 i < z W > < z , z > } 
" \ {ig；' + 2<z,f。>}<z,z>2 
= - 4 < z , f o > < z , z >
2
 (mod T]) 
T h u s , - 4 < z
f
f i ' x z , z >
2














 (mod rp 
F o r t h e s o l u t i o n t o b e of m o d T], w e o n l y c o n s i d e r t h e 
p r o j e c t i o n of t h e r i g h t - h a n d e d side o n t o iRj t h a t i s , 




< z , z >
2
 (mod r\) 
H e n c e , - 4 < z , f g > = G
1 0
 (mod r\). 
S o f
0
 is d e t e r m i n e d u p to a linear function in w . 
5f 
W i t h n o r m a l i z a t i o n f (0) = 0 and — = 0 at t h e o r i g i n , f
0
 is 
u n i q u e l y d e t e r m i n e d . 
In a d d i t i o n , t y p e (1,0) determines g^ and type (2,1) d e t e r m i n e s 
f 2 . 
G r o u p III 
A s F = G
1 1
< z , z > + N
2 2
 w h e r e N
2 2
 G T], so e q u a t i o n for t y p e 
2 2 丄丄 — 
(2,2) b e c o m e s 
I i
m g
;;<z,z>2 „ 2 l m < f。 z > < z , z > = G
1 1
< z , z > + N
2 2 
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w h i c h is s i m p l i e d t o 
2








I m < f
i '
z >
 = (mod fj) (2.11) 
N o w e q u a t i o n for t y p e (0,0) gives l m g
0
. 
T h u s (2.11) t o g e t h e r w i t h f
x
 = 0 a t u = 0 d e t e r m i n e I n K f ^ z 〉 
u n i q u e l y . 
It r e m a i n s t o d e t e r m i n e R e g
0
 and R e < f
1
, z > u n i q u e l y . 
S i n c e F ^ = _ Reg
,
(
J'<z,z> + 2 Re<f^ ,z>, w e get 
1 1 F




 = - j R e g o < z , z >
3
 (mod r\) 
O n t h e o t h e r h a n d , F
3 3








z , z >
3
 (mod T|) 





 can be solved up to aw + bw
2
 where a, b E R . 
N o r m a l i z a t i o n c o n d i t i o n s
 0
) = = 0 g i v e a = b ^ 0 , 
Reg
0
 is therefore uniquely determined. 
F r o m e q u a t i o n f o r t y p e ( 1 , 1 ) , R e < f
x
, z> is a l s o u n i q u e l y 





 have been determined. • 
With this lemma proved, we obtain an immediate and crucial 
conclusion: 
For any F E L
0
h = F (mod 1^ ) can uniquely be solved for h 
in ©o as L
0
h = F (mod T]) PL
0
h = PF. 
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T h i s p r o v e s t h e f o l l o w i n g t h e o r e m . 
Theorem 2.4 
A formal hypersurface M can be transformed by a unique formal 
trans formation: 
f z* = z + f(z,w) 
[ w * = w + g( z,w) 
n o r m a l i z e d b y (2.9) in t o a n o r m a l form v* = <z* , z * > + N w i t h N G T]. 
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Chapter Three Geometric Theory of the Chern-Moser 
Normal Form 
In C h a p t e r T w o , w e h a v e d e a l t w i t h c a l c u l a t i o n s in t h e c a t e g o r y 
of f o r m a l p o w e r s e r i e s . W e n o w t u r n t o c o n s i d e r r e a l a n a l y t i c 
h y p e r s u r f a c e M a n d s h o w t h a t t h e f o r m a l p o w e r s e r i e s t r a n s f o r m i n g M 
i n t o a n o r m a l f o r m a r e i n d e e d c o n v e r g e n t a n d h o l o m o r p h i c . In 








) = 0 
t u r n o u t t o h a v e v e r y n i c e g e o m e t r i c i n t e r p r e t a t i o n . 
W e b e g i n w i t h t h e f o l l o w i n g d a t a : 
(i) M is a r e a l a n a l y t i c h y p e r s u r f a c e , 




a = 1 n
 in is a f r a m e of l i n e a r l y i n d e p e n d e n t v e c t o r s 
a l o n g y . 
A l l t h e a b o v e are d e f i n e d l o c a l l y n e a r a p o i n t p on y • 
Theorem 3.1 
G i v e n a r e a l h y p e r s u r f a c e M w i t h t h e a b o v e d a t a y ,
 e
a
, t h e r e 
e x i s t s a u n i q u e h o l o m o r p h i c m a p p i n g O t a k i n g p i n t o t h e o r i g i n z = 
0 , y i n t o t h e c u r v e z = 0 , w = | w h e r e ^ is a r e a l p a r a m e t e r o v e r an 
i n t e r v a l a n d e
a
 i n t o 0 * ( e
a
) = ^ a n d t h e h y p e r s u r f a c e i n t o O ( M ) 
g i v e n b y 
v = Fu(z,玄,u) + / J F
k l




A s s u m e , w i t h o u t loss of generality, that p = (z,w) = (0,0) and 
T ^ M is gi v e n b y w = 0 . 
Su p p o s e y (?) = (P(?),q(|)) w h e r e p and q are real a n a l y t i c , so 
Y ( 0 ) = (P(0),q(0)) = (0,0). 
A s y ( x ) is tran s v e r s a l to T ^ M , q'(0) ^  0 . 
C o n s i d e r t h e holomorphic transformation 
{z = p(w*) + z* w - q(w*) 
w e o b t a i n t h e following facts: 
1 T h e J a c o b i a n of this trans formation at the origin 
- j * -
= d e t = q ' ( 0 ) 关 0 
. 0 q，（0). 
2 T h e tran s f o r m a t i o n leaves the tangent space u n c h a n g e d . 
「 z = 0 + p (与 ) = p (与） 
3 F o r (0,笤），we have i 
“ I w = b(专) 
Hence (0,|) is mapped into y (^) ； that is, the u-axis is taken 
to be the curve y• 
Thus we conclude that the local inverse map brings M to v = 
F ( z , z,u) w i t h F(0,0,u) = 0 and y to the u - a x i s , (note that all the 
stars have been suppressed)• 
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W e n e e d t h e f o l l o w i n g t w o l e m m a s t o c o m p l e t e t h e p r o o f of 
t h e o r e m 3 . 1 . 
Lemma 3.2 
S u p p o s e t h a t f d e n o t e s t h e s p a c e of r e a l a n a l y t i c f u n c t i o n s 
F( z , z,u) i n s o m e n e i g h b o u r h o o d of t h e o r i g i n a n d v a n i s h i n g a t t h e 
o r i g i n . 
If F E 广 a n d F ( 0 , 0 , u ) = 0 , t h e n t h e r e e x i s t s a u n i q u e 
h o l o m o r p h i c t r a n s f o r m a t i o n : 
r * 
! z = z 
\ w i t h g(0,w) = 0 
L w* = w + g( z,w) 
t a k i n g v = F( z,"z,u) i n t o 
v* = F * ( z * , z * , u * ) w h e r e F。*
k
 = f A = 0 for k = 1, 2 , • • " 
Proof: 
W e f i r s t of a l l n o t e t h a t F
k 0
 = 0 for k = 1 , 2 , •••, m e a n s 
F * ( z * , 0 , u ) = 0 . S i n c e F* is r e a l , F*( z*, 0 , u ) = 0 h a s already 
a c c o u n t e d for t h e c o n d i t i o n F
Q ] C
 = 0 . 
By taking imaginary parts of both sides of w* = w + g(z,w), 
w e h a v e 
1 ^ ― — — — 
F*(z*,z*,u ) = — (g(z,w) - g(z,w) ) + F(z,z,u) (3.1) 
where u* = u + j(g(z
f
w) + g(z,w) ) and w = u + iF(z,z,u). 
Here z, z, u are considered as independent variables. 
S i n c e g ( 0 , w ) = 0 , g(z,w) = 0 for ¥ : 0 . T h u s , s e t z = 0 ' 









( z , 0 , u ) ) + F (
z
, 0 , u ) (3.2) 
w h i c h i m p o s e s a c o n d i t i o n f o r t h e f u n c t i o n g . 
T o s o l v e ( 3 . 2 ) , w e s e t s = u + i F ( z , 0 , u ) . 
A s F ( z , 0 , u ) = 0 f o r z = 0 , w e c a n h a v e u = s + G ( z , s ) w h e r e 
G ( 0 , s ) - 0 b y t h e i m p l i c i t f u n c t i o n t h e o r e m . 
T h u s (3.2) b e c o m e s 0 = -^r g ( z , s ) + -^(s - u ) o r u = s + \ g ( z , s ) 
S o g ( z , w ) « 2 G ( z , w ) i s t h e s o l u t i o n w h i c h v a n i s h e s for z = 0 . 
B y r e v e r s i n g t h e o r d e r of t h e a r g u m e n t , l e m m a 3.2 is t h e n 
p r o v e d . 
• 
U p t o n o w , w e m a y t h e r e f o r e a s s u m e t h a t M is of t h e fo r m : 
v = F ( z , z , u ) = F
k l




a n d t h e c u r v e y is s i m p l y g i v e n b y z=0, vt=| (与 G R ) . 
T h e l e m m a b e l o w f u r t h e r s i m p l i f i e s F ( z , z , u ) b y r e q u i r i n g 
(z,"z
f
 0) t o b e a n o n - d e g e n e r a t e h e r m i t i a n f o r m . 
Lemma 3.3 









i s non-degenerate, t h e n t h e r e e x i s t s a h o l o m o r p h i c t r a n s f o r m a t i o n : 
f z* = z + f(z,w) 
J (3.3) 
[ w* = w 
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 0 a n d
 f
2




u ) is m a p p e d 
i n t o 




* ) + 2 (3.4) 
min(kr1)>2 
Proof： 
L e t b e a p o w e r s e r i e s in z, z, c o n t a i n i n g o n l y t e r m s of 
t y p e (k,l) suc h t h a t k > x a n d 1 > X . 




= F i ^ z , ^ ^ ) + \
 Z < X
 A
a ( Z '
u
) + 2 j Z ( X
 A




(z,u) = ^ ： (F - F
1 X
)




N o w w e r e s t r i c t u to a s m a l l i n t e r v a l in w h i c h t h e L e v i f o r m 
r e p r e s e n t e d as F
1 X




z P is n o n - d e g e n e r a t e . 
W e d e n o t e t h e i n v e r s e of (h
a
p") b y ( h
a
P ) a n d d e f i n e t h e 
h o l o m o r p h i c v e c t o r f u n c t i o n f(z,w) b y fP(z'w) ® h
a百（u) A
a




 in w h i c h f(0,w) = f
2










u ) = y h
a
p ( u ) ( z « + f
a
) + fP) 
aTP 
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= F J H u ) + 乏 z« hap"(u) hYP(u) A y d u ) 
a.PiY 






) + 芝 2 a A
a




u ) + 0
2 2 
對 a=l 
H e n c e F
X 1
( z + f , z+f ,u) = F ( z , z , u ) + 0
2 2
. Th u s v = F ( z , z , u ) is 
t r a n s f o r m e d b y (3.3) i n t o v * = F* ( z * , z * , u * ) + 0
2 2
. T h e p r o o f is 
t h e r e f o r e c o m p l e t e d . • 
So w e m a y c o n c l u d e t h a t v = F ( z , z , u ) + V Fj*l w i t h t h e 
min(k7l)>2 
c o o r d i n a t e s f i x e d u p t o a linear t r a n s f o r m a t i o n z* = M ( w ) z , w* = w . 
H e r e M ( w ) is a n o n - s i n g u l a r m a t r i x d e p e n d i n g h o l o m o r p h i c a l l y o n w . 
T o m a k e t h e c o o r d i n a t e s u n i q u e , w e r e q u i r e t h e frame { e
a
} a l o n g t h e 
Q 
g i v e n c u r v e y t o b e m a p p e d o n t o { ^ ^ } in t u r n . 
W i t h t h i s a d d i t i o n a l r e q u i r e m e n t , M ( w ) is f i x e d u n i q u e l y . 
T h i s t h e r e f o r e c o m p l e t e s t h e proof of Th e o r e m 3 . 1 . • 




 u) is 
i n d e p e n d e n t o f u . F o r t h i s , w e p e r f o r m a linear 
「z* = C ( w ) z 
t r a n s f o r m a t i o n J a n d d e t e r m i n e C u n i q u e l y s u c h t h a t 
丨 w* = w 
F n ( C ( u ) z , C ( u ) z ,0) = F n ( z , z ,u). 
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T h e c h o i c e of C ( u ) b e c o m e s u n i q u e if w e r e q u i r e C ( u ) t o b e 
h e r m i t i a n w i t h r e s p e c t t o the form 
Fii(z, z ,0) = <z,z> 
i . e . Fii(Cz, z ,0) = F n h , " ^ , 。 ） (3.5) 
D e n o t i n g t h e m a t r i x (h
a
百(u)) b y H ( u ) , w e can w r i t e (3.5) as 
C * ( u ) H ( 0 ) C ( u ) = H ( u ) , 
a n d H ( 0 ) C ( u ) = C * ( u ) H ( 0 ) (3.6) 
E l i m i n a t i n g C * ( u ) gives C
2
( u ) = H ( 0 ) '
1
H ( u ) . 
F o r s m a l l u , t h e r i g h t - h a n d s i d e is c l o s e t o t h e i d e n t i t y 
m a t r i x . T h u s t h e r e exists a u n i q u e C ( u ) w i t h C ( 0 ) » I w h i c h d e p e n d s 
a n a l y t i c a l l y on u and satisfies (3.6). Indeed if C (u) is a solution 
s o x s H ( 0 )
- 1
C * ( u ) H ( 0 ) w h i c h also reduce t o t h e i d e n t i t y for u ~ 0 . 
B y u n i q u e n e s s , it agrees w i t h C ( u ) y i e l d i n g (3.6). 
T h u s , w e c a n g e t r i d of u i n F
X 1
 b y p e r f o r m i n g t h e 
t r a n s f o r m a t i o n : 
z* = C (u) z, w* = w . 
W e c a n t h e r e f o r e assume that M takes the following form: 





It S h o u l d b e n o t e d t h a t w e s t i l l h a v e some f r e e d o m in c h o o s i n g 
t h e c o o r d i n a t e s t o p r e s e r v e (3.7) a n d t h e c u r v e
 Y
. m f a c t any 
l i n e a r map： 
z* = U ( w ) z, w* = w 
p r e s e r v i n g t h e fo r m < z , z > can p r e s c r i b e an a n a l y t i c frame e
a
( u ) (a = 
1 , 2 , ...
 f











z P . 
T h e c o e f f i c i e n t of F
k l
( z , z , u ) i n ( 3 . 7 ) c a n b e v i e w e d as 
f u n c t i o n a l s d e p e n d i n g o n t h e c u r v e y : (z,w) = (p(与），q(与））• M o r e 
p r e c i s e l y , w e h a v e t h e foll o w i n g l e m m a . 
Lemma 3.4 
T h e c o e f f i c i e n t of F
k l
 in (3.7) d e p e n d a n a l y t i c a l l y on p , q , 
p , q , a n d t h e i r d e r i v a t i v e s of order ^ k + 1 . 
Proo f: 
S u p p o s e t h a t v = G ( z , z ,u) r e p r e s e n t s t h e g i v e n h y p e r s u r f a c e 
c o n t a i n i n g t h e c u r v e z = p(芎），w = q (与） w h e r e R e q ' ( 0 ) ^ 0 . 
First of all, we subject the hypersurface to the 
transformation: 
r z = p(w*) + z* 
j w = q(w*) 
an d 七hen study h o w the resulting hypersurface depends on p and q . 
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A f t e r t h e t r a n s f o r m a t i o n , the h y p e r s u r f a c e b e c o m e s 
l m ( w ) - G( p ( w * ) + z % p(w*)+z* , lm(q(w*)) ) = 0 (3.8) 
A s t h e c u r v e y is t r a n s v e r s a l t o t h e c o m p l e x t a n g e n t s p a c e , w e 
h a v e 
R e {q' - 2 i G
z
p ' - i G
u
q ' > ^ 0 (3.9) 
D i f f e r e n t i a t e t h e l e f t - h a n d side of (3.8) w i t h r e s p e c t t o w * , 
o n e o b t a i n s ' - G
z
p ' - | G
u
q ' . 
Q 
T h u s , -^pr (LHS of (3.8) ) ^ 0 b y (3.9), 
B y t h e i m p l i c i t f u n c t i o n t h e o r e m for r e a l v a r i a b l e s , o n e can 
s o l v e f o r 
v* = F*(z*, z* ,u*) (3.10) 
S i n c e t h e g i v e n c u r v e y l i e s o n t h e h y p e r s u r f a c e , v* = 
F * ( z * , z* ,u*) v a n i s h e s w h e n z* = z* = 0 . 
W e a r e g o i n g to e x p a n d the left-hand side of (3,8). 
Dropping t h e s t a r and d e n o t i n g (3.8) b y 0 ( z , z ,u,v) = 0 , w e 
w r i t e 
z, z ,u,v) = 2 ^ 
X^v >o 
w h e r e is a p o l y n o m i a l i n z, z , v; h o m o g e n e o u s of d e g r e e ^ in 
Z /
 T a n d of d e g r e e 农 in v . 
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So (3.8) t a k e s t h e form 
A v +
 ^ 1 0 + 2 ^ ^
 =
 ° (3.11) 
l+V>2 
w h e r e A v = = R e
{















T h u s A is an a n a l y t i c f u n c t i o n of p , q , ~q a n d t h e i r 
d e r i v a t i v e s a n d in fact linearly on the l a t t e r . M o r e o v e r b y (3.9), A 
^ 0 f or s m a l l |u|. 
W r i t e G (
Z
' z = V a ^ u ) 《 不 
min(]^l)>2 
E x p a n d i n g q(u+iv) and p(u+iv) as 
q( u + i v ) = q(u) + q
1
( u ) ( i v ) + •••• 
p ( u + i v ) = p(u) + p
1
( u ) ( i v ) + .••. 
an d s u b s t i t u t i n g into t h e left-hand hand of (3.8), w e have 
F = 2 ^ 





( j ( q + q ) ) [p(u)+p' (u) (iv) + . . . + p(u)+p ' (u) (iv) + . . . +z ]i 
min(T7l)5:2 
cx,P 
B y c o m p a r i n g b o t h s i d e s , o n e c a n fi n d t h a t are a n a l y t i c 
f u n c t i o n s of p , "p", q^ T at 1 = u and thei r d e r i v a t i v e s of ord e r ^ 
v. 
Finally, we are going to obtain the same property for the 
c o e f f i c i e n t s of F* i n (3.10)• 
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W e s o l v e f o r v i n ( 3 . 1 1 ) as a p o w e r s e r i e s i n z , z a n d 




 + • • • w h e r e Vr a r e 
h o m o g e n e o u s p o l y n o m i a l s in z, z of d e g r e e 
S u b s t i t u t i n g v ^ + v
2
 + w e get 
A(Vi + v
2
 + •••) + $10 (中 1” + + • ..)(Vi + V
2
 + •••)” = 0 
v 
T h u s AV^ c a n b e w r i t t e n as a p o l y n o m i a l in V], + V
2
 + .. . + 
w i t h c o e f f i c i e n t a n a l y t i c i n p^ q , p , q a n d t h e i r d e r i v a t i v e s of 
o r d e r ^ 
This proves the statement about the analytic behaviour of the 
c o e f f i c i e n t s of F* in (3.10) , T o c o m p l e t e t h e proof of the l e m m a , w e 
h a v e a l s o t o s u b j e c t t h i s h y e r s u r f a c e t o t h e h o l o m o r p h i c 
t r a n s f o r m a t i o n s o f L e m m a 3.2 and L e m m a 3.3 w h i c h p r e s e r v e t h e cu r v e z 
= 0 a n d w = 爸 . F r o m t h e p r o o f s of t h e s e l e m m a s , i t is cl e a r t h a t t h e 
r e s u l t i n g h y p e r s u r f a c e h a s t h e stated analytic d e p e n d e n c e on p and q . 
A t l a s t , t h e t r a n s f o r m a t i o n z* - C (w) z, w* = w leading t o (3.7) 
a l s o h a s t h e state d a n a l y t i c d e p e n d e n c e . 口 
It remains to satisfy the three trace conditions: 
t r ( F
2 2








) = 0 . 
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(A) tr2(F32) = 0 




) = 0 w h i c h gives rise t o a 
d i f f e r e n t i a l e q u a t i o n of s e c o n d o r d e r f o r t h e c u r v e y w h e r e t h e 
p a r a m e t r i z a t i o n is i g n o r e d . 
A s t h e p a r a m e t r i z a t i o n c a n b e i g n o r e d (this w i l l b e p r o v e d 
l a t e r ) , w e m a y a s s u m e t h a t t h e p a r a m e t r i z a t i o n is fixed b y R e q ( ^ ) = 
W e t h e n s t u d y t h e d e p e n d e n c e of F
3 2
 on p(与）• 
B y l e m m a 3 . 4 , t h e c o e f f i c i e n t of F
3 2
 are an a l y t i c f u n c t i o n s of 
p , p a n d t h e i r d e r i v a t i v e s u p t o o r d e r (2+3) » 5 . H o w e v e r for the 
h y p e r s u r f a c e in t h e f o r m ( 3 . 7 ) , w e c l a i m t h a t F
3 2
 d e p e n d s o n t h e 
d e r i v a t i v e s of o r d e r s 2 only and is of the form: 
F
3 2





w h e r e K
3 2
, B d e p e n d on p , p , p ' , p ' a n a l y t i c a l l y and B is a non-
s i n g u l a r m a t r i x for small |u|. 
T o p r o v e t h i s c l a i m , w e r e c a l l t h a t t h e h y p e r s u r f a c e of t h e 
f o r m (3.7) is ob t a i n e d b y a transformation: 
「 z * = p(w) + C (w) z + 
J (3.13) 
\ w* = q(w) + •.• 
T o s t u d y t h e d e p e n d e n c e of F
3 2
 at u = u
0
, w e subj e c t (3.7) t o 
the transformation: 
{z = s(w*) + z* + 
(3.13) 
w = q(w* + u
0
) 
w h i c h a m o u n t s t o replacing p(u) by
 P
* ( u * ) = P ( u
0




( u ) . 
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C o n s i d e r i n g p a n d p ' fixed at u = u
0
, w e r e q u i r e s(0) = s , ( 0 ) = 
0 a n d i n v e s t i g a t e t h e d e p e n d e n c e of F
3 2
 on the ge r m of s at u = u
0
 • 
W e a r e g o i n g t o c h o o s e t h e h i g h e r o r d e r t e r m s in (3.13) s u c h 
t h a t t h e f o r m of (3.7) is p r e s e r v e d as far as te r m s of w e i g h t < 5 are 
c o n c e r n e d . 
T h i s is a c c o m p l i s h e d b y 
' z = z* + s(w*) + 2i<z* , s
r
 ( w* )>z 
w = w* + U
0
 + 2i<z*,s( w* )> 
S i n c e t h e h e r m i t i a n f o r m < , > is a n t i - l i n e a r in t h e second 
a r g u m e n t , t h i s t r a n s f o r m a t i o n is h o l o m o r p h i c • 
C o n s i d e r 
v - < z , z > 
= I m {w* + u
0
 + 2i<z*, s( w* ) > } -
<z* + s(w*) + 2i<z*,s' ( w* )>z*,z* + s(w*) + 2i<z*,s' ( w* )>z*> 
= V * + 2 R e { < z % s( w* )>} - <z*,z*> - <z*,s(w*)> - <s(w*),z*> 
_ < z * , 2 i < z * , s ' ("w*")>z*> - <2i<z*,s' ( w* )>z>,z*> 
Expanding s(w*) and s' (w*) about 0 , we get 
s(w*) = s(0) + s' (0)w* + j s"(0)w*
2
 + = \ s"(0)w*
2
 + and 
s'(w*) = s'(0) + s"(0)w* + = s"(0)w* + 
Substituting all these into the above expression, one can have 
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V - <2,Z> 
= v * + 2 R e { < z * , \ s " ( 0 ) " ^ "
2
> > - < z * ,
z
* > - <
z





- < 2 s " ( 0 ) w *
2
/ Z
* > - 2 R e { < z * , 2 i < z % s " ( 0 ) w* > z * > } + ... 
w h e r e i n d i c a t e s t e r m s of w e i g h t > 6 . 
= v * _ <z* , z * > + R e { w *
2
















 + 4 R e { i w* < z * , s " ( 0 ) > < z * , z * > } + 




) < z * , s " ( 0 ) > } 
+ 4 R e { i w* <z* , s" (0)> <z*, z*>} + • . … 
N o w , w e w r i t e w* = u* 十 i v * . 
S o v - < z , z > = v* - <z*,z*> + 4Re{u*v*i<z*,s" ( 0 ) > } 
+ 4Re{i(u* _ iv*) < z * , s " ( 0 ) > < z * , z * > } + 









 T h u s 
min(k71)^2 
v - < z
f
 z> 
= V * - <z*,z*> + 4Re{u*i<z%s"(0)><z%z*>} + 







* , z * > + 4 R e { u * i ( < z % s » ( 0 ) > + <z* , s " ( 0 ) > )<z\z*>} + 
+ 4 Re{ <z* 丨 s " ( 0 ) > < z * , z * >
2
} + 
= v * _ < z % z * > + 4 R e { < z * , s " ( 0 ) X z % z * >
2
} + ••••• 
( a s u
* i ( < z *
/
s " ( 0 ) > + <z* , s " ( 0 ) > )<z*,z*> is p u r e l y i m a g i n a r y . ) 
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T h u s for u* = 0, w e get b y setting z* = z, 




 + 2 < z *
f











H e n c e F
3 2
 d e p e n d s o n l y u p o n s
r
 s, and s"• 
On t h e o t h e r h a n d , 
[ C ( u
0
+ u ) s ( u ) ] " = C ( u
0
) s " ( 0 ) at u = 0, 










 (0 )><z*, z*>
2
 w h i c h i s 
i n d e p e n d e n t of s . 





T h u s B (0) - -21 and B (u) is no n - s i n g u l a r for small v a l u e s of | u | . 




) = 0 c a n b e w r i t t e n as a 
d i f f e r e n t i a l e q u a t i o n p" = Q ( p , p , p ’ ， p ' w h e r e Q is a n a l y t i c . 
O n c e p ( 0 ) a nd p ' ( 0 ) are g i v e n , t h e r e exists a u n i q u e s o l u t i o n 





) = 0 . 





) = 0 is a c t u a l l y i n d e p e n d e n t of the p a r a m e t r i z a t i o n and the 
fr a m e e
a
. 
F o r t h i s p u r p o s e , w e subject the hypersurface (3.7) to the m o s t 
g e n e r a l self mapping： 
45 
Z* = V g ' (w) U(w) z, w* = g(w) 
w h e r e I m g ( u ) = 0 ' g ( 0 ) = 0 , g'(0) > 0 , < U z , U z > = < z , z > for real w . 
W e c l a i m t h a t u n d e r t h i s m a p p i n g , F
3 2
 is r e p l a c e d b y 
3_ 








( u ) z ^ - ^ u ) ) 




) = 0 re m a i n s s a t i s f i e d . 
T o p r o v e t h i s c l a i m , w e fi r s t of a l l e x p a n d b o t h U ( w ) and g(w) 
a b o u t u as f o l l o w s : 
U(w)这 U(u) + U' (u) (iv) + | u" (u ) ( iv ) 2 + and 
g(w) = g(u) + g , (u) ( iv) + ^ " ( u ) ( i v ) 2 + •••• 
C o n s i d e r v* = I m { g ( w ) } 
= i m { g(n) + g'(u)(iv) + ^g"(u)(iv)
2
 + ••••} 
= g ' (u)v - jrg'"(u)v
3
 + … 






 get v* = g'(u)v + terms of type (k,l) such that k ^ 3 and 1 ^ 3 . 






 (w) z % U
_ 1
 (w) z*>. 
Here, we write U ' ^ w ) = U'^u) + (U"
1
 (u)) ' (iv) + and 
i 1 1 
_ ± _ = ~ - ~ + ( ~ = ~ ) ' (iv) + 
g'(w) g '(u) g'(u) 




(u)z*> + terms of type (k,l) 
so, 、z,z^ g'(u) 
e x c e p t (3,2) 
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= r i ^ o + •… 
F i n a l l y , c o n s i d e r F
k l




( w ) z * 
V g ' ( w ) 
— l — r r r 
z = I U <w)z 
V g ' ( w ) 
u = g
_ 1
( u * ) (as Img(u)、= 0 ) , 
t h u s , F
k l










( w ) z * , u ) . 
V g ' ( w ) 












] ' ( i v ) + ... a n d 
v g ' (w) V g ' ( u ) Vg’（u) 
一 1 — 1 一 1 
U (w) = U ~ (u) + (U~ (u)) ' (iv) + . . ,. , so F
k l
( z,"z,u) c o n t r i b u t e s n o 
t e r m s t o t y p e (3,2) f o r a l l (k,1) e x c e p t (k,l) = ( 3 , 2 ) . 




"z,u) b e c o m e s 
3 _ _ 
v* -^—<z%z*> + g'(u)-2 — ^ ― f 3 2 ( U -
1 ( u ) z % U - ^ u J z * ' g - W ) ) 
g'(u) g (u) g (u)。‘ 
+ o t h e r t e r m s ; i . e . 
3 ^ 
V* = <z*,z*> + g
1
 (u)"2 f 3 2 ( U
_ 1 ( u ) z * , U " x ( u ) z * + other terms. 
w h i c h p r o v e s t h e c l a i m . 
( B ) t r ( F
2 2
) = 0 
N o w w e f i x t h e f r a m e { e
a
} b y t r ( F
2 2
) = 0 . 
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) = 0 t o a c o o r d i n a t e 
r z* = u ( w ) z 
t r a n s f o r m a t i o n i • w h e r e U ( w ) is a n o n - s i n g u l a r m a t r i x and 
t w = w 
u ( w ) p r e s e r v e s t h e f o r m < z , z > f o r r e a l w ; i . e . < z , z > = 
< U ( u ) z , U ( u ) z > . 
W e d e f i n e U u s i n g a d i f f e r e n t i a l e q u a t i o n 
d 
J - U = U A w h e r e < A z , z> + < z , A z > 过 0 (3.14) 
A s b e f o r e , w e e x p a n d U ( w ) as U ( u ) + U , ( u ) ( i v ) + … • 
So <z*,z*> = < ( U + i v U ' + " . ) z , ( U + i v U , + . " ) z > 
= < ( U + iU '<z,z> + … ) z , ( U + i U » < z , z > + . ..)z> 
= < z , z > (I + 2 i < A z , z> + … ） 
w h e r e t h e a r g u m e n t s of U and A are u and ' .. * ' r e p r e s e n t s t e r m s of 
o r d e r s 6 in z, z . 












W e t h e n c l a i m t h a t U c a n b e u n i q u e l y d e t e r m i n e d b y t h e 
differential equation as follows: 
S u p p o s e < A z , z> = a^g z^ z
6 






 zP zY z
6 




 zV , we have 
g a - z a 1 7 = ( h a T a p 5 + h ^ a ^ + h ^ a ^ + h吓a a 7 ) # 
= J ( h ^ h a 7 a p 5 + a a 7 + aaf  + n a a 7 ) z
a zY 
Contracting both sides on a, Y , one obtains 
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7
 ( h 〜 6 +
 h < X T a
a
7
 + + n h « T
a a
_ ) = h « T
g a
_ • 
H e n c e , ^ ^ a ^ = ^ - L ^ a y ^ ^ 
S i n c e n o w 0 = t r ( F
2 2
) + t r ( 2 i < A z , z><z, z>), w e c a n de t e r m i n e q
n
-
u n i q u e l y a n d t h u s a
a
- is also u n i q u e l y d e t e r m i n e d . T h a t i s , w e can 
fi n d a u n i q u e m a t r i x A in the equation (3.14). 
(C) tr 3(F 3 3) = 0 
F i n a l l y , w e are left w i t h choosing t h e p a r a m e t r i z a t i o n o n the 




) = 0 . F o r this p u r p o s e , w e p e r f o r m 
t h e t r a n s f o r m a t i o n 
z* = V q ' (w) z, w* - q(w) 
w i t h q ( 0 ) = 0 , q ( w ) 甲 q( w ), and q' (0) > 0 , 
Expanding q(w) about u and taking imaginary part, we get 
1 . 
v* = q' (u)v - y v
3
 + 




z> Vq' (u+iv) Vq' (u+iv) 
=<
z
,z> { Vq' (u) + [Vq'(u)] ' (iv) - jcVq
f
 (u) ] "v
2
 + •••} 
{ Vq' (u) + [Vq'(u)] ' (iv) - jl^q'(u)] "v
2
 + •••} 
J a
u
( V L )
 I 1 ,q
M
Vq' (u) - q"(uWq'(u) 
w ^ r e [ V ^ ] • = [ ^ 7 ] " = 2 ( V ^ T " ^ ) 
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= 1 ( ？ ⑷ _ q"(n)2 ) 
2
 Vq' (u) q' (u)Vq' (u) 
= q , ( u ) <z,z> - \ (q'" - < z , z >
3 
2 q ' 








 = q ' F
3 3
 + - ^ - ) < z
f
z > 3 




) = 0 g i v e s r i s e t o an a n a l y t i c t h i r d o r d e r 
d i f f e r e n t i a l e q u a t i o n for the real function q ( u ) , u n i q u e l y determined 
q( 0) = 0 , q ' (0) > 0 , q" (0) w h i c h is assumed to b e r e a l . It can b e 
sh o w n t h a t t h e pa r a m e t r i z a t i o n is fixed b y this trace condition up to 
a p r o j e c t i v e t r a n s f o r m a t i o n . 
To summarize these trace conditions, we have 
Geometric Choice of Nunmber of 






) = 0 picks out a curve p'(°) 2n 
y in any direction 
transversal to M 
2 t r ( F
2 2
) = 0 provides parallel U ( 0 ) n 
transport of an 






) = 0 fixes a parametrization q'(0) 1 
for y up to a Reg"(0) 1 
projective transformation, 
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H e n c e , t h e t o t a l n u m b e r of p a r a m e t e r s is ( n + 1 )
2
 + 1 w h i c h 
c h a r a c t e r i z e p r e c i s e l y an e l e m e n t of t h e i s o t r o p i c g r o u p H . If t h e 
c h o i c e of t h e i n i t i a l p o i n t p ( 0 ) is a l s o t a k e n i n t o a c c o u n t , t h e 
t o t a l n u m b e r of p a r a m e t e r s b e c o m e s (n+2)
2
 - 1 . 
W i t h a l l t h e ab o v e d i s c u s s i o n s , w e get t h e f o l l o w i n g t h e o r e m : 
Theorem 3.5 
I f M i s a r e a l a n a l y t i c m a n i f o l d , t h e u n i q u e f o r m a l 
t r a n s f o r m a t i o n s of T h e o r e m 2.2 t a k i n g M i n t o a n o r m a l f o r m a n d 
s a t i s f y i n g t h e n o r m a l i z a t i o n c o n d i t i o n is given b y c o n v e r g e n t series； 
i . e . d e f i n e s a h o l o m o r p h i c m a p p i n g . 
W i t h t h i s t h e o r e m , i t s h o u l d b e n o t e d t h a t t w o r e a l a n a l y t i c 








 a r e 
b i h o l o m o r p h i c a l l y e q u i v a l e n t b y a b i h o l o m o r p h i c m a p p n g F t a k i n g pi 
i n t o p
2




) for k = 1,2 h a v e t h e same n o r m a l forms 
f o r s o m e c h o i c e o f t h e n o r m a l i z a t i o n c o n d i t o n s • F o r t h e 
n o r m a l i z a t i o n g i v e n in ( 2 . 9 ) , t h e p r o b l e m of e q u i v a l e n c e i s t h u s 
r e d u c e d t o a f i n i t e d i m e n s i o n o n e as t h e d i m e n s i o n of t h e g r o u p of 
biholomorphic self-maps of M is b o u n d e d above b y (n+2)
2
 - 1 w h i c h is 
r e a l i z e d b y r e a l h y p e r q u a d r i c . 
T h i s is an a l o g u s to the c a s e of R i e m a n n i a n m a n i f o l d s . To show 
t h a t t w o R i e m a n n i a n m a n i f o l d s w i t h t w o b a s e p o i n t s a r e l o c a l l y 
i s o m e t r i c , w e n e e d , in p r i n c i p l e , to search for i s o m e t r i e s among t h e 
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i n f i n i t e l y d i m e n s i o n a l c l a s s of s m o o t h m a p s . H o w e v e r , if w e u s e 
n o r m a l c o o r d i n a t e s a b o u t t h e t w o b a s e p o i n t s , t h e n an i s o m e t r y c a n 
o n l y b e a r o t a t i o n T G 0 ( n ) ( o r t h o g o n a l g r o u p ) . T h e p r o b l e m is 
h e n c e r e d u c e d f r o m i n f i n i t e l y d i m e n s i o n a l t o finite d i m e n s i o n a l o n e s . 
W e e n d t h i s c h a p t e r w i t h a p r e c i s e d e f i n i t i o n t o t h e c u r v e y 
m e n t i o n e d a b o v e , 
Definition 3.6 
A c u r v e y o n a non^-degenerate r e a l h y p e r s u r f a c e M i n C
n
 is 
c a l l e d a c h a i n if for e a c h p o i n t p G y , t h e r e is some o p e n set U in 
M a n d s o m e l o c a l b i h o l o m o r p h i s m 少 such t h a t O ( U ) has the n o r m a l form 




z , u ) 
min(T71)^2 








) = 0 , t r ( F
2 2
) = 0 , and F(y n U) l i e s o n 
t h e u - a x i s . 
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Chapter Four Fefifermanfs Development of the 
Geometric Theory 
Definition 4.1 
A n o p e n s u b s e t D in C
n
 w i t h b o u n d a r y 5D is p s e u d o c o n v e x if t h e 
L e v i f o r m of dD is p o s i t i v e s e m i - d e f i n i t e at e a c h p o i n t p G «9D. D is 
s a i d t o b e p s e u d o c o n v e x ( r e s p e c t i v e l y s t r i c t l y p s e u d o c o n v e x ) if t h e 
L e v i f o r m of <9D i s s e m i — p o s i t i v e d e f i n i t e ( r e s p e c t i v e l y p o s i t i v e 
d e f i n i t e ) at e a c h p o i n t p E <9D. 
I n t h e p r e v i o u s c h a p t e r s , w e h a v e d e f i n e d s o m e s p e c i a l 
b i h o l o m o r p h i c a l l y i n v a r i a n t c u r v e s o n 3 D . T h e s e are c a l l e d c h a i n s . 
I n t h i s c h a p t e r , w e s h a l l d e v e l o p t h e d i f f e r e n t i a l g e o m e t r y o n dD 
f r o m a n o t h e r p o i n t of v i e w . T h e b a s i c o b j e c t in the d e v e l o p m e n t is a 
L o r e n t z m e t r i c d s
2
 d e f i n e d b y F e f f e r m a n o n t h e p r o d u c t 5D x S
1
 • 
F e f f e r m a n d i s c o v e r e d t h a t the chains on dD arise simply b y p r o j e c t i n g 
七he 'light r a y s ' (geodesies w i t h t a n g e n t s of length zero) d e f i n e d b y 
d s
2
 f r o m dD x S
1
 o n t o dD. 
I n t h e d i s c u s s i o n , i t i s a s s u m e d t h a t D is strictly 
p s e u d o c o n v e x . W e m e n t i o n i n p a s s i n g t h a t t h e r e i s as y e t n o 
c o r r e s p o n d i n g t h e o r y on the g e o m e t r y of p s e u d o c o n v e x b o u n d a r i e s . 
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4 •1 The Complex Monge-Ampere Equations 
T h e p r o b l e m is t o f i n d o n a g i v e n s t r i c t l y p s e u d o c o n v e x d o m a i n 
D i n C
n
 a c o m p l e t e K a h l e r - E i n s t e i n m e t r i c d s
2
 = 另 g压 d z j d z ^ . 
R e c a l l t h e f o l l o w i n g d e f i n i t i o n s : 
1 T h e R i c c i t e n s o r for a K a h l e r m e t r i c ( i s given b y 
. <92 R l c
jk = - ~ —
 l o
g
 d e t
( g # ) • 
dzjdz^ 
2 A K a h l e r m e t r i c d s
2
 is c a l l e d K a h l e r - E i n s t e i n if R i c = - k g ^ 
w h e r e k is a c o n s t a n t w h i c h is n o w t a k e n t o b e p o s i t i v e . 
T h u s t o a s k f o r a c o m p l e t e K a h l e r - E i n s t e i n m e t r i c , w e are 
l o o k i n g f o r s o l u t i o n s g ^ of 
g
j F




B y s e t t i n g t = det( g^-) , w e s e e t h a t s o l v i n g ( 4 . 1 ) is 
e q u i v a l e n t t o sol v i n g t h e c o m p l e x M o n g e - A m p e r e e q u a t i o n : 
r d 2
 log - (constant) ^ in D 
J <9Zj 巧 （4.2) 
^ oo on dD 
It c a n b e shown t h a t for the un i t b a l l D = { |z| < 1 } in C
n
, 
^ Es is a solution of (4.2). 
^
 =
 (1 - | z |
2
)
n + 1 
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F e f f e r m a n s u g g e s t s t h a t for a m o r e g e n e r a l d o m a i n D , w e t r y a 
s o l u t i o n of t h e form: ^ =




 w h e r e u(z) = 0 at dD. 
S o , w e c a n re-write the Monge-Ampere equation (4.2) in terms of 
U ( z ) : ‘ 
「 J(u> = 1 in D 
1 (4.3) 
L u = 0 on dD 
w h e r e 
r <9u <9u -i 





J ( u ) = ( - l )
n














N e x t w e s h a l l c o n s t r u c t by i n d u c t i o n a 'formal s o l u t i o n ' of 
(4.3)； t h a t is a function u( z) vanishing on dD which satisfies 
j(u) = 1 + o( [dist(z,<9D) ]
s
) in D (4.4) 
w h e r e s is as large as p o s s i b l e . 
(A) T h e c a s e w h e n s = 1. 
S u p p o s e t h a t 屮 is a smooth defining function for D . That is, 
D
 = { ^ > 0 } and Grad 屮 ^ 0 on 5D • 
B y t h e strict pseudoconvexity of D , J ( ^ ) > 0 on 5D. 
l 
H e n c e w e t a k e O = ^ and observe t h a t for any smooth 
f u n c t i o n s 巾 , … J ( ^ ) = 妒 + 1 J ( 々 ） + ^ {remainder} 
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= 少 n + i J(i^) at ip = 0 
w h e r e t h e r e m a i n d e r is a smooth function on "d" 
l 
So w e form = [ J(i|)) ]" op w h i c h v a n i s h e s on dD and J t u ^ = 
1 + O(lj)). 
T h u s , w e h a v e solve (4.4) for s = 1. 
(B) I n d u c t i o n s t e p . 
W e f r i s t d e r i v e the following lemma. 
Lemma 4.1 
J(屮 + = J(i^) [ l+s(n+2-s)OTl? s- 1 ] + {Remainder} (4.5) 
Proof: 











: k . 
= d S t















= o ( \ p
s
) + 
“屮 % • 







 from each entry) 
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H e r e , c o n s i d e r 
[W V 1 
d e t 









. ^ ^ 1 
=o(t]j
s
) + d e t 
；吟j +s (s-1) <I> ( l + s O i j ) 3 - 1 ) j 
(by m u l t i p l y i n g t h e f i r s t c o l u m n b y s f -
1
^ ) a n d s u b t r a c t i n g f r o m t h e 
k - t h c o l u m n ) 
• 屮 % 
® o(屮 s) + d e t 
屮伐 + s( s - 1 l + s ^ 3 " 1 
( m u l t i p l y i n g t h e f i r s t r o w b y a n d s u b t r a c t i n g f r o m t h e j t h 
r o w ) 
« o(\l>
s
) + d e t 
[ ^ j E . 
( m u l t i p y i n g t h e f i r s t c o l u m n b y s ( s，l (1+s 柳 S - 1 ) x p s -〜
F
 a n d 
s u b t r a c t i n g f r o m t h e k t h c o l u m n ) 
^ % 
= o ( i p
s






】 d e t 
. % ^jk . 
T h u s w e o b t a i n 
j ( u ) • o(ip
s
















] J ( ^ ) 
= o ( i p
s










 ] J ) 
= J W [ 1 + S ( n + 2 _ S )卿 s - i j + T|)S^
R e m
ainder} 
w h e r e t h e r e m a i n d e r i s a s m o o t h f u n c t i o n o n D • 口 
N o w s u p p o s e t h a t t h e r e e x i s t s a s m o o t h f u n c t i o n u
s - 1
 w h i c h 




) = 1 +。㈧
s
_;l) (s ^ 2 ) . 
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 for some ri G C°°("d"). 
S e t t i n g u
s
 = + ^ ( u ^ )
3




















] + o ( ^
s
) . 
If w e p u t $ = ~ - for n + 2 - s 乒 0 , t h e n w e get 
s(n+2-s)
 f 3 
J ( U
S
) = 1 + O ( ^ ) and u
s
 = + I ' l l l l ^ l 1 • 
H e n c e for s 萁 n + 2 , w e h a v e t h e i n d u c t i v e p r o c e d u r e t o p a s s f r o m 
s - 1 t o s . T h i s p r o c e d u r e stops w h e n s = n + 2 . T h i s y i e l d s a s m o o t h 
f u n c t i o n u w h i c h v a n i s h e s on <9D and satisfies J ( u ) = 1 + o ( i p
n + 1
) . 
W e n o t e t h a t u a r i s e s b y a p p l y i n g a n o n l i n e a r d i f f e r e n t i a l 
o p e r a t o r t o a n y d e f i n i n g f u n c t i o n of D , say tp as follows: 
— 1 - J ( U _ 






s - i [
1 丨










_ i … P
2
P i 屮 (mod o ( i p n + 2 ) ) . 
4 • 2 Differential Geometry on the Boundary 








t c o n s i d e r a p a r t i c u l a r case w h e n the domain is t h e u n i t 
b a l l ; i . e . D = { z ^ C : |z|
2
 < 1 }• 
W
e h a v e u ( z ) = 1 - |z|
2
 is t h e s o l u t i o n t o ( 4 . 3 ) . N o w 
i n t r o d u c i n g p r o j e c t i v e c o o r d i n a t e s : 
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r = zo 
i on C X D, 
「 = z
k
 1 ^ k < n 
L so 




 . . . , z
n




 u ( z ) 
=1§。丨2 - t l § k l 2 . 




 d Z j d
^ = |d?
0
|2 ^ f l d i
k
| 2 . 
j,k ^ 0 
F o r a g e n e r a l d o m a i n D , w e c a n t h e r e f o r e f o l l o w t h e s a m e 














| ~ u ( z ) (4.6) 




 . . . , z
n
) G ( C \ { 0 } ) x D 
w h e r e u ( z ) is a s o l u t i o n t o t h e M o n g e A m p e r e e q u a t i o n ( 4 . 3 ) . 




 a 2 U
 d z j d z ^ (4.7) 
jLJ 
j.k 2 0 
Proposition 4.2 
T h e f u n c t i o n U a n d t h e m e t r i c d s
2
 d e f i n e d in (4.6) a n d (4.7) 
a r e b i h o l o m o r p h i c a l i n v a r i a n t . 
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Proof： 
S u p p o s e t h a t F : D 一 5 is b i h o l o m o r p h i c and u is a s o l u t i o n to 
e q u a t i o n (4.3) for D . 
W e p u l l u b a c k t o a r e a l - v a l u e d function u on D b y setting 
2 
u ( z ) = | d e t F * ( z ) 沉 u ( F ( z ) ) for z = (z
lf








 . . z
n






, … , z
n
) . W e t h e n lift 



































, • • • ,、） = l ^ r r l H G(F(z)) 
2 
= I Z Q I ~
 U ( Z > = U ( Z o ' Z 1 ' Z n ) 
H e n c e , w e h a v e U = U o iT 
r 1 + 1 ———— * 
(ii) d e t ( 厂 ) = d e t d e t ( F ' ) = 1 
0 F , 
(i) shows d i r e c t l y t h a t (4.6) is b i h o l o m o r p h i c a l l y i n v a r i a n t . 
N o w d e n o t e the c o m p l e x H e s s i a n s of U and U b y ( U ^ ) and ( U ^ ) 
r e s p e c t i v e l y . T h e n U = U o J i m p l i e s ( U ^ ) = (厂）（ 5化）（厂广 w h e r e 
d e n o t e s t h e c o n j u g a t e t r a n s p o s e of )• H e n c e t h e m e t r i c 








 d e g e n e r a t e on (C\{0}) x dD. 
P r o o f： 
C o n s i d e r 
2 2 _ 2 _ 
d s 2 _ 1
2
0 1 ^ "
2
 u d 7
 ^ ―
 +
 J z j H _
 d z
o ^ [ z J ^ T d z






o + 如 — + T a u 




d 可 • 
^ ^ dz^dzZ 
i T ^ o ] k 
I n t r o d u c i n g p o l a r c o o r d i n a t e s z
D
 = r e 』 i n C \ { 0 } a n d 
r e s t r i c t i n g t o p o i n t s z G dD (i.e. u 群 0 ) , w e get 








n 丄 ， — = ~ ； , = • 
° ^ 
Hence ds^ = r ^ [ 土 ^ 邠 + Y ] 
z J dz^dzT 
j T T o ]
 k 
o n (C\{0>) x 5 D . 
S i n c e a n y v e c t o r X t a n g e n t t o 5D satisfies O u + 5 u , X > = < d u , X > = 0 , 





 [ ^ - ( 5 u - a u ) d e + \ d z j d z ^ ] (4.8) 
o n ( C\{0}) x d D . 




 x dD, (4.8) is c l e a r l y a 
d 




 x dD as it makes the vector 石 
orthogonal to everything. 口 
W e therefore n e e d m o d i f y t h e m e t r i c t o o v e r c o m e t h i s 
d e g e n e r a c y . O n e c a n ob s e r v e t h a t r plays no role in (4.8). Thus it 
leads u s t o de f i n e the metric 
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d s 2
 = [ + \ d z j d z ^ ] (4.9) 
dz^dzZ 
j I T T o
 3 k
o n t h e s p a c e S
1
 x 5 D . 
So w e h a v e a r r i v e d at a n o n - d e g e n e r a t e L o r e n t z m e t r i c (4.9) on 
S
1
 x <9D. 
N o w if F j D 5 is a b i h o l o m o r p h i s m , t h e m e t r i c in (4.9) is 
p r e s e r v e d b y its l i f t i n g 义 o n S 1 x R + x <9D . In p o l a r c o o r d i n a t e s , ！f 
i s g i v e n e x p l i c i t l y b y F ( r , q , z ) = (r,6,z) w h e r e Z = F ( z ) , 6 = 0 -
, ~ r 
arg(detF，（ z) ), and r . 
j、 、 " det(F,(z)) 
T h u s its lifting F# on S
1
 x 5D defined b y 
F
#
( z , e ) = (F(z), 0_ arg(detF'(z))) 
2 
p r e s e r v e s (4.9) u p t o a factor of | detF
 1
 ( z) |
n + 1
 • In o t h e r w o r d s , t h e 
c o n f o r m a l c l a s s of t h e L o r e n t z m e t r i c in (4.9) is a b i h o l o m o r p h i c 
i n v a r i a n t . 
R e m a r k s 
T h e d e f i n i t i o n of this L o r e n t z m e t r i c d e p e n d s on t h e sol u t i o n 
of t h e Monge-Ampere equ a t i o n (4.3) . H o w e v e r w e a c t u a l l y do n o t need 
a s o l u t i o n u ( z ) of (4.3) in t h e de f i n i t i o n of this m e t r i c , b u t just 
i t s 2 - j e t at t h e b o u n d a r y . T h u s w e m a y c o n s i d e r to t a k e t h e 2 n d 
o r d e r f o r m a l s o l u t i o n u
( 2 )
 c o n s t r u c t e d in S e c t i o n I t o d e f i n e a 
b i h o l o m o r p h i c a l l y invariant conformal Lorentz m e t r i c . 
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T h e L o r e n t z m e t r i c is given b y 
d s 2
 = I 告 ( a u (
2
) - ^ u (
2
) ) d e + \
 a 2 u ( 2 >
 d z j d z ^ ] (4.10) 
Z J dz^dzZ 
W e c o n c l u d e this section w i t h a brief d i s c u s s i o n of t h e Chern-
M o s e r c h a i n s . T h e c o n f o r m a l L o r e n t z m e t r i c ( 4 . 1 0 ) l e a d s t o 
d i s t i n g u i s h e d curves on S
1
 x dD b y the following r e s u l t . 
Lemma 4,4 
T w o c o n f o r m a l l y equivalent Lorentz metrices have t h e same light 
r a y s ( w h i c h i s r e g a r d e d as a p o i n t s e t , w i t h o u t a n y special 
















 be the 
two conformally equivalent Lorentz metrices. 










 where Pj is the conjugate momentum. The light 
h ] 
rays are t h e solution to a Hamiltonian mechanics problem with H = 0 . 
Similarly, the light rays of ds
2
 is given by the solution of H 
= g ^ k ( x ) P j p k = . “ H = 0 . 







d P j dE
 x
 .dE 
、 d t axj
 y
 axj 
a n d t h o s e f o r H are 
f dE 
1 = — — 
dt <9pj 
〜 (4.12) 
d P j dE * = — — 
dx 
V J 
N o t e t h a t (4,11) and (4.12) are e q u i v a l e n t v i a a t r a n s f o r m a t i o n 
d t 鬥 
dx = - — T h u s t h e le m m a is p r o v e d . • 
N o w w e c a n d e f i n e a 'chain' on dD as the p r o j e c t i o n f r o m S
1
 x 
3D o n t o 5D of a l i g h t r a y of t h e c o n f o r m a l L o r e n t z m e t r i c ( 4 . 1 0 ) . 
The proof that this chain is coincident with that of Chern-Moser is 
essentially contained in the work of Burns, Shnider and Diederich [B-
S], [B-D-S]. 
4 • 3 Fefferman's Parabolic Invariant Theory 
In this section, we shall mention the problem of finding 
invariants associated to each point p G dD. Proof of the lemmas and 
theorems will not be given here and we can refer to [Fe3] for 
details. 
We are going to give a precise formulation of the problem. 
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A f t e r a s u i t a b l e b i h o l o m o r p h i c c h a n g e of c o o r d i n a t e s , w e c a n 
a s s u m e t h a t dD in a n e i g h b o u r h o o d p G 5D m a y b e p l a c e d in M o s e r ' s 
n o r m a l form: 
如 = { 2 R e (
Z l
) = |z' I
2




 ^  } 
/ j aP 
lain?丨乏2 
and p = ( 0 , •••,()). (4.13) 
A n i n v a r i a n t a s s o c i a t e d t o t h e b o u n d a r y <9D g i v e n b y (4.13) 
s h o u l d b e a f u n c t i o n of the c o e f f i c i e n t s A - w h i c h is p r e s e r v e d b y 
ap "  
t h e n a t u r a l a c t i o n of H on n o r m a l f o r m s . It m a y b e i m p o r t a n t t o 
r e s t r i c t t h e c l a s s of f u n c t i o n s of t h e A - , f o r e x a m p l e , t o 
ap 
p o l y n o m i a l s , F e f f e r m a n therefore introduce the following d e f i n i t i o n . 
Definition 4.5 
F o r a p o l y n o m i a l P in v a r i a b l e s a n d a M o s e r n o r m a l form 
(5.1)
 f
 w e w r i t e P(dD) for P(A^"-) . T h e p o l y n o m i a l P is c a l l e d an 
i n v a r i a n t of w e i g h t o if it satisfies the transformation law 
q 
P(3D) = I det<E>' (0) | P(5D) 
w h e r e dD a n d <95 a r e in n o r m a l f o r m s , a n d O : 5D 一 a5 is a 
b i h o l o m o r p h i c m a p fixing the o r i g i n . 
Problem; To find all invariants of weight a . 
W e r e c a l l t h e i n v a r i a n c e of U and d s
2
 d e f i n e d in (4.6) and 
(4.7) u n d e r biholomorphisms. This invariance provides us wi t h a list 
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of i n v a r i a n t t e n s o r s . F o r m t h e m e t r i c d s
2
, w e m a y simp l y form t h e 
c u r v a t u r e t e n s o r ( R . - ^ ) and its covariant d e r i v a t i v e s , for e x a m p l e , 
^
R
jkliu pqrst^ • T h e s e t e r m s are i n v a r i a n t l y a s s o c i a t e d t o any p o i n t 
of C \ { 0 } x D . 
To compute these terms, we can use the approximate solution for 
u. So the tensors (R. - , - 一 ） will be well—defined and invariant 
jk丄m , p . . .q 
o n C \ { 0 } x 5D u n l e s s its d e f i n i n g formula i n v o l v e s such h i g h - o r d e r 
d e r i v a t i v e s of the m e t r i c t h a t t h e ambiguity in u + o(\p
n + 2
) p l a y s a 
r o l e . R o u g h l y s p e a k i n g , i t turns o u t t h a t the tensors of rank ^ 2n 
are w e l l - d e f i n e d b y the above p r o c e s s . 
We now sketch how to make scalar invariants from the tensors 
(r _ - -)• The process involves three steps• 、jk lm | p . • • q ~ 
STEP 1: Take a tensor product of several R ' s
f
 for example, 
r - ® R - - - 0 ... ® R -
3klm ,pq abCd ,e
 w
 apy8 ,a 
STEP 2: pair up the barred indices to the unbarred indices, for 
ex a m p l e , 
K









 contract all indices to form a scalar: 





• is called a W e y l invariant. If the tensor product in STEP 1 
i n v o l v e d
 q factors and a total of p indices, then the Wey l invariant 
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Q i s s a i d t o h a v
® w e i g h t W T ( Q ) = p - 2 q . S i n c e e a c h R has at l e a s t 
f o u r i n d i c e s , W T ( Q ) > 0 a n d t h e r e a r e o n l y f i n i t e l y m a n y W e y l 
i n v a r i a n t s of a g i v e n t e n s o r . 
T h e e f f e c t of t h e a m b i g u i t y i n u + o(xl)
n+1
) o n c o m p u t i n g 
i n v a r i a n t s is c l a r i f i e d in t h e f o l l o w i n g lemma: 
Lemma 4 • 6 [Fe3, Lemma (A), (B)] 
( A ) . T h e W e y l i n v a r i a n t s of w e i g h t < 2n-2 are w e l l - d e f i n e d o n C \ { 0 } 
x 5 D . 




 is w e l l - d e f i n e d m o d u l o an a d d i t i v e o ( ^
n + 1
) . 
I n t h e s p e c i a l c a s e of a d o m a i n D w i t h dD in M o s e r ' s n o r m a l 
f o r m ( 4 . 1 3 ) , a W e y l i n v a r i a n t Q of w e i g h t s s 2 n , e v a l u a t e d a t 
( z
0
, z ) = (1,0,..0) in C \ { 0 } x dD
f
 is a p o l y n o m i a l in the c o e f f i c i e n t s 
A "L a n d as s u c h i s a n i n v a r i a n t of w e i g h t a . T h i s i n v a r i a n t 
ap “ 
p o l y n o m i a l w i l l simply b e c a l l e d a W e y l i n v a r i a n t . 
Theorem 4 . 7 [Fe3 . Theorem 2] 
F o r a ^ 2 n - 4 0 , e v e r y i n v a r i a n t of w e i g h t a is a l i n e a r 
coitibination of W e y l invariants of w e i g h t a . 
Remarks: 
1 T h e o r t h o g o n a l p r o j e c t i o n from L
2
( D ) to the c l o s e d s u b s p a c e of 
a n a l y t i c f u n c t i o n s is given as an integral operator 
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Jt(f (Z)) = ^ K
D
( z , w ) f ( w ) d w 
w h e r e K
D
 i s c a l l e d t h e B e r g m a n k e r n e l . 
S u p p o s e <I>： D 5 is b i h o l o m o r p h i c a n d u , u~ a r e t h e s o l u t i o n s 
D D “ 
o f t h e
 M o n g e - A m p e r e e q u a t i o n ( 4 . 3 ) f o r t h e d o m a i n s D a n d D 




 ( $ ( z ) ) = I d e t ( $ ' ( z ) ) u
D
( z ) 
w h i c h i s of t h e s a m e f o r m as t h a t of K (z, z ) . 
T h u s w e e x p e c t a c l o s e c o n n e c t i o n b e t w e e n t h e B e r g m a n k e r n e l 
a n d t h e M o n g e - A m p e r e e q u a t i o n (4.3) . In f a c t t h e f u n c t i o n u = u (
n + 1
) 
s a t i s f y i n g J ( u ) = 1 + o (冲 n + 1 ) so t h a t u + o ( i p n + 1 ) t r a n s f o r m s l i k e a 
n e g a t i v e p o w e r of t h e B e r g m a n k e r n e l . 
2 If u ( x , t ) = / K
t
( x , y ) f ( y ) d v o l ( y ) 
M 
, r) 
( 会 - A M ) U = 0 o n M x (0,oo) 
s o l v e s < , t h e n w e c a l l K
t
( x , y ) t h e h e a t 
u ( x , 0 ) = f ( x ) 
k e r n e l . 
F i n d i n g t h e B e r g m a n k e r n e l of a s t r i c t l y p s e u d o c o n v e x d o m a i n U 
i s a n a l o g o u s t o f i n d i n g t h e h e a t k e r n e l of a R i e m a n n i a n m a n i f o l d . 
3 . B o t h h e a t k e r n e l a n d B e r g m a n k e r n e l h a v e t h e a n a l o g o u s 
a s y m p t o t i c e x p a n s i o n [Fel]: 
P i e m a n n i a n M S t r i c t l y P s u e d o c o n v e x D 
K
t




w) has an asymptotic 










 exp(- ^ n as V “ ,
z ) 
(|)(Z) 












( x ) t
k
) 
T h e e x a c t a s y m p t o t i c e x p a n s i o n i s g i v e n b y F e f f e r m a n a s a n 
a p p l i c a t i o n of h i s p a r a b o l i c i n v a r i a n t t h e o r y , as f o l l o w s : 
Theorem 4. 8 [Fe3, Theorem 3] 
T h e B e r g m a n k e r n e l f o r D = > 0 } i n C
n
 is g i v e n b y 
N 
c V














 is a finite list of Weyl invariants, andQ^, .. 
a r e c o e f f i c i e n t s d e p e n d i n g o n l y o n t h e d i m e n s i o n • 
The invariant theory for a strictly pseudoconvex domain D is 
harder than the Weyl ’ s classical theory for a Rieniannian manifold M. 
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